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1 Categories

1.1 Categories and Examples
Definition 1.1. A category C consists of
e a class Cy of objects;
e for all objects z,y € Cy, a class C1(z,y) of morphisms;

e for all objects © € Cpy, a morphism id, : Ci(x,z) called the identity
morphism;

e for all objects z,y,z € Cyp and morphisms f : Ci(z,y) and g : C1(y, 2), a
morphism g o¢ f : Ci(x, 2) called the composition.

We require the following equations
e for all objects z,y € Cyp and morphisms f : Ci(z,y), we have id, o¢c f = f;
e for all objects x,y € Cy and morphisms f : Ci(x,y), we have f ocid, = f;

e for all objects w, z,y, z € Cy and morphisms f : C;(w,z), g : C1(x,y), and
h:Ci(y,z), we have hoc (goc f) = (hoc g) oc f.

The equations idyoc f = f and focid, = f say that the morphism id is a unit
element for composition, and we call them the left and right unitality laws.
The equation f oc (goc h) = (f o g) oc h says that composition is associative,
and this equation makes f o¢ g o¢c h unambiguous.

To lighten the notation, we often write x € C instead of z € Cy. We also
write f : x —¢ y instead of f € Ci(x,y), and if C is clear from the context, we
write f : x — y instead. In addition, we often write id instead of id, if x is clear
from the context, and we write f - g for f -¢c g if C is clear from the context.

Digression. In Definition we made a distinction between sets and classes.
Such a distinction is necessary to define, for instance, the category of sets (Ex-
ample. The objects of this category should be all sets, but as there is no sets
of all sets, such a category cannot exist if we require the objects of a category to
form a set. We solve this problem by relaxing the definition of category to allow
the objects and morphisms to form a class rather than a set. Another solution
would be restrict this category to all set whose cardinality is at most s for some
cardinal number x. However, there is a disadvantage to this solution: we need
k to be an inaccessible cardinal in order to show that the resulting category of
sets has desirable properties (e.g., Cartesian closed). Throughout these notes,
we disregard issues regarding sets versus classes.

Let us discuss some examples of categories. We start by examples of cate-
gories that arise from mathematical structures. In Table [I} we summarise the
examples of categories that we discuss throughout this section.

Example 1.2. We define the category of sets, written as Set, as follows



e the objects of Set are sets;
e the morphisms from a set X to a set Y are functions from X to Y.

The identity morphism id : X — X is defined to be the identity function, i.e.,
id(z) = 2. The composition of morphisms f: X — Y and g: Y — Z is defined
to be the composition of functions, i.e., (go f)(x) = g(f(x)). Let f: X =Y
be a morphism. Left unitality (id o f = f) follows from the following equations,
where x € X is an arbitrary element.

(id o f)(z) = id(f())

= f(z)

Right unitality (f oid = f) is proven similarly.
(foid)(x) = f(id(z))

= f(z)

Now suppose we have morphisms f: W — X, g: X - Y, and h: Y — Z.
To prove associativity, we take an arbitrary w € W, and we use the following
equalities.

(ho(gof))(w)=h((go f)(w))

Hence, Set indeed forms a category.

Example 1.3. A monoid consists of a set M together an element ey € M
and an operation m : M x M — M such that the following equations holds

e m(en,x) = for all x € M;
o m(z,ep) = for all x € M,
e m(xz,m(y,z)) =m(m(x,y),z) for all x,y,z € M.

We denote m(z,y) by -y, and we denote a monoid by M. A homomorphism
from a monoid M to a monoid N is a function f : M — N such that f(ey) =en
and f(z-y) = f(z)-f(y). The identity function id : M — M is a homomorphism,
because

id(en) = em, d(z-y) = -y=id(x)-id(y)

If f: M - N and g: N — K are homomorphisms, then their composition is a
homomorphism as well since

(go f)lem) = g(f(em)) = glen) = ex
(gof)(x-y)=g(f(z-y) =g(f(x) f(y) =g(f(x)) g(f(y))



Note that two homorphisms f,g : M — N are the same if their underlying
functions are the same, meaning that to prove f = g, it suffices to show that
f(m) = g(m) for all m € M.

Now we define the category of monoids, writen Mon, as follows.

e the objects of Mon are monoids;

e the morphisms from a monoid M to a monoid N are homomorphisms from
M to N.

The identity id : M — M is given by the identity homomorphism, and the
composition is given by the composition of homomorphisms. We prove that
Mon is a category in the same way as we prove that Set is a category. To prove
left unitality (ido f = f for all homomorphisms f), we take an arbitrary m € M,
and we note

(id o f)(m) = id(f(m))

Example 1.4. A group G consists of a set G together an element eg € G and
operations ¢ : G — G and m : G x G — G such that the following equations
holds

e m(eg,g) =g for all g € G;
G

3

g,eq) =g for all g € G;
m(h,k)) = m(m(g, h), k) for all g,h, k € G;

g,i(g9)) = eg for all g € G;

3

(

(
* m(g,

(

(i(g),g9) = eg for all g € G.

e m

We denote m(g,h) by g - h, and we denote i(g) by g'. A homomorphism

from a group G to a group H is a function f : G — H such that f(eg) = ey

and f(g-h) = f(g)- f(h). Note that we can prove f(g~ ') = (f(g))~*.
We define the category of groups, written Group, as follows

e the objects of Group are groups;

e the morphisms from a group G to a monoid H are homomorphisms from
G to H.

We prove that Group is a category the same way as we proved that Mon is a
category.

Another example of a category is the category PreOrd (Exercise [1.4). Next
we look at constructions of categories.

Example 1.5. We write 1 for the set {x}. We define the unit category,
denoted by unit, as follows.



e The objects of unit are elements of 1;
e The morphisms from * to * are elements of 1

The identity morphism is given by %, and the composition of morphisms is the
constant maps that maps everything to *. The necessary laws follow directly,
because all elements of 1 are equal, and hence all morphisms in unit are equal.

Example 1.6. Let C be a category. We define opposite category, denoted
by C°P, as follows.

e The objects of C°P are objects of C;
e The morphisms from z to y in C°P are morphisms from y to z in C.

Hence, C°P is C but with the morphisms reversed. The identity morphism id, :
CiP(x,x) in C° is the identity morphism id, : Ci(x,2) in C. Suppose that we
have morphisms f : Ci*(x,y) and g : C;"(y, 2), which are the same as morphisms
f:Ci(y,x) and g : Ci(z,y). We define the composition g oce f to be f oc g.
Left unitality is proven as follows

Id Ocop f = f O¢ Id
=f
Here we use right unitality of C. Right unitality for C°P is left as an exercise.

To prove associativity for C°P, we assume that we have morphisms f : C7*(w, z),
g :CiP(x,y), and h : C{*(y, z). Note that we have the following equalities.

hoocer (g ocer f) = (g ocor f) oc h
= (focg)och
= foc(goch)
= (g oc h) oce f
= (hocer g) ocer f
The compositions above make sense, because f : C{*(w,z), g : C{*(x,y), and

h : C{P(y, z) are the same as morphisms f : C;(z,w), g : C1(y, ), and h : C1(z,y)
in C.

Example 1.7. Suppose that we have categories C; and Cy. We define the
product category, denoted by C; x Ca, as follows.

e The objects of C; X Cy are pairs (z,y) where x € C; and y € Co;

e The morphisms from (z1,y1) to (x2,y2) in C; x Cy are pairs (f,g) of
morphisms where f:x; —¢, y1 and g : x2 —¢, Yo.

We leave it as an exercise to construct the identity morphisms and the compo-
sition of morphisms, and to prove that it indeed forms a category.



Example 1.8. Let C be a category and let P be a predicate on the objects of
C. We define the full subcategory Full(C, P) as follows.

e The objects of Full(C,P) are objects of x € C such that P(x)

e Given objects x,y € C such that P(z) and P(y), then morphisms from x
to y in Full(C,P) are the same as morphisms x —¢ y.

The identity morphisms and composition operations in Full(C,P) are inherited
from C, and we leave it as an exercise to the reader to verify that we indeed
have a category.

Next we show that categories generalize certain mathematical structures.
Specifically, we show how to construct categories from other mathematical struc-
tures.

Example 1.9. A preorder consists of a set X together with a relation < on
X that is reflexive (z < z for each z) and transitive (if + < y and y < z, then

x < z). Every preorder (X, <) gives rise to a category (X, <) as follows.

P

e The objects of (X, <) are elements of X;
e There is a unique morphism from z € X to y € X if and only if z < y.

Since < is reflexive, we have an identity morphism. To construct the composition

of morphisms in (X, <), we use that < is transitive. The desired laws follow

from the fact that morphisms in (X, <) are unique.

Example 1.10. Let M be a monoid. We define the category B(M) as follows.
e The objects of B(M) is 1;
e morphisms from * to * are the same as elements of M

The identity morphism is given by e, and if we have morphisms mq, mg : * —
unitt, then their composition my og(ar) m2 is given by my - mg. The laws are
proven as follows.

mog(yyid =m- ey =m

idog(arym=ep -m=m
M0 (M) (m2OB(M)m3) = ml'(m2'm3) = (ml-mg)-mg = (mloB(M)m2)oB(M)m3

Since every group is in particular a monoid, we can instantiate Example
to groups as well.

Example 1.11 (Extra). For the final example, we assume familiarity with
the A-calculus. Recall that the terms of the A-calculus are defined using the
following grammar

A=z |AA | \z.A



Arbitrary terms are denoted by M. Types in the A-calculus are defined using
the following grammar.

Ty:=|Ty=Ty
Here ¢ is the base type, and we denote arbitrary types by 7 and o. The typing
relation z1 : 71,...,%, : T, F M : o is defined using the usual derivation rules
We define the syntactic category of the simply typed A-calculus, denoted
by STLC, as follows.

e The objects of STLC are types

e The morphisms from 7 to ¢ are equivalence classes of terms ¢ such that
x: Tk t:o, where terms are identified using Sn-conversion.

The identity morphism from 7 to 7 is given by the variable x : 7 - z : 7, and
if we have terms x : 71 F s : 7o and y : 7o F ¢ : 73, then their composition is
x:m bty s Ts.

Digression. Example[L.T]is inspiring: we can turn various typed languages into
categories. For instance, we can extend to include various types, such as sum-
types and product types. One might wonder: can we do the same for Haskell?
Can we make a category whose objects are types (as in Haskell) and whose
morphisms are Haskell functions. Doing so comes with various complications.
Since Haskell’s type system includes polymorphism, we need to take into account
that Haskell types could have type variables. However, there is an even more
fundamental issue. Haskell has a function seq : a — b — b that evaluates its first
argument before returning its second, and we also have a function undefined :
a — b that is undefined for each argument. Now we can show the following

seq undefined () = undefined
seq (undefined o id)() = ()

Note that undefined o id evaluates to itself, which is why the second equation
holds. However, from these equations we can conclude that undefined and
undefined o id cannot be equal, and thus the category laws do not hold.

When we talk about categories, we generally use the language of diagrams.
A diagram in a category C is given by a graph whose nodes are objects in C and
whose edges from x to y are labelled by a morphism f : z —¢ y. For instance,
suppose that we have a category C and let v, w, z,y, z be objects in C. Suppose
that we have morphisms

firv—=w, forw—zx, fyix—z farrw—y, fsiv—y, fery—z

X
‘fs
z

An example of a diagram is given below

w
L
( fa
N
Yy

fa

fe



Each path in this graph gives rise to a composition of morphisms. For instance,
we have two paths from v to y, namely f; o f; and f;. We have three paths
from v to z, which are given by the following compositions

faofaofi, feofaofi, feolfs

Since composition is associative, every path describes a unique morphism. A
diagram is said to be commutative if for all nodes x and y every path from x
to y denotes the same morphism.

To get familiar with the language of diagrams, we look at other examples of
categories.

Example 1.12. Let C be a category and let x be an object in C. We define the
slice category C/x as follows.

e The objects of C/x are pairs of an object y € Y together with a morphism
f:y—x.

e Given objects y1,y2 € C and morphisms f; : y1 — = and f5 : yo — z, then
morphisms from (yi, f1) to (ya, f2) in C/x are morphisms g : y; — yo such
that the following diagram commutes.

Concretely, this means that f; = fy0g.

The identity morphism on (y, f) is given by id,. Note that id, indeed gives a
morphism in C/z since the following diagram commutes

id,
) )

N A

X

Concretely, we have to show that f = foid,, which holds because id is the unit
for composition.

Now suppose that we have three objects in C/z, which are given by objects
Y1,Y2,ys € C together with morphisms f; : y1 — x, fo : y2 — x, and f3 :
y3 — x. We also assume that we have morphisms g1 : (y1, f1) —¢/z (y2, f2) and
g2 : (Y2, f2) —¢/x (y3, f3). This means that we have morphisms g1 : y1 —¢ ¥2
making the following triangle commute.




Similarly, we have g5 : yo —¢ y3 making the following triangle commute.

92
Y2 Ys
X

Their composition in C/x is given by ¢ - go. We need to show that the following

diagram commutes.
g1 g2
Y1 Y2 Y2
|
x

This diagram commutes, because both triangles commute.
We can make this reasoning concrete by presenting it in an equational style.
We need to show that f1 = (f3-91) - g2

fi=g1- fo since g; is a morphism in C/z
=g¢1-(g2- f3) since gy is a morphism in C/x
= (g1-92) - f3 associativity

Hence, g1 - g2 satisfies the desired requirement.
We leave it to the reader to verify the category laws.

Example 1.13. Let C be a category. We define the arrow category C~ as
follows.

e The objects of C™ are triples of x,y € C together with f : x — y. We
denote such objects by f:x — y.

e Given morphisms f; : 1 — y1 and fo : 9 — yo, morphisms f; —¢— fo
are pairs of morphisms ¢ : x1 — x2 and h : y; — y2 making the following
square commute.

g
Ty ———— T2

a 2

Y1 —— Y2

The identity morphism is given by the following square

T —>id” T
fl f
Y=, Y
Y

11



To define the composition of morphisms, we assume that we have two commu-
tative squares as indicated below.

T —2— @ Ty —2— 73
flJ sz fzJ Jh
Y —— Y2 Y2 —F5—" Y3
1 2

Their composition is defined as the following square.

g1 g2
X1 xro I3

\
flJ, f2 J,J%
\

Y1 " Y2 s Ys

We leave it as an exercise to the reader to verify that composition and identity
indeed give rise to morphisms and to verify the category laws.

12



Category Notation Objects Morphisms
Category of sets Set Sets Functions
Category of monoids Mon Monoids Homomorphisms
Category of groups Group Groups Homomorphisms

Unit category unit
Opposite category cep
Product category C1 xCq
Full subcategory Full(C,P)
Slice category C/x
Arrow category

Preorder (X,<)
Monoids B(M)

€l

Single element

Objects in C

Pairs of objects

Objects in C

Pairs of y € C with f:y — x
Triples of z,y € Cand f:2x — y
Elements in X

Single element

Single morphism

Morphisms in C (reverse direction)
Pairs of morphisms

Morphisms in C

Commutative triangles
Commutative squares

Given by <
Elements of M

Table 1: Examples of categories



1.2 Special Morphisms

Definition 1.14. Let C be a category, and let =,y : C be objects. We say
that f : £ — y is a monomorphism if for all objects w : C and morphisms
g1, 92 : w — y such that f o g, = f o go, we have g1 = ¢o.

Definition 1.15. Let C be a category, and let x,y : C be objects. We say that
f :x — yis a epimorphism if for all objects z : C and morphisms g1,g2 : y — 2
such that g1 o f = go o f, we have g; = g».

Definition 1.16. Let C be a category, and let x,y : C be objects. We say that
f :x — y is an isomorphism if there is a morphism g : y — x such that
fog=id, and go f = id,. The collection of isomorphisms is denoted by = = y.

To get a better understanding of these classes of morphisms, we study them
for concrete instances of categories. First, we look at Set.

Proposition 1.17. A function f : X — Y of sets is injective if and only if it
is a monomorphism in the category Set.

Proof. Suppose that f: X — Y is injective, and suppose that we have functions
91,92 : W — X such that fog; = fogs. To show that g1 = go, we take w € W,
and we must show that g1 (w) = ga(w). Since f is injective, it suffices to show
f(g1(w)) = f(g2(w)), which holds by the assumption that g; o f = gs o f.

Next we assume that f : X — Y is a monomorphism, and we show that it
is injective. Suppose that we have x1,z9 € X such that f(x1) = f(z2). Note
that from z1, 22 we get morphisms 77,73 : 1 — X (recall that 1 = {x}):

Ti(x) = 21, Ta(x) = T2

Note that we have that f oZ7 = f o x5, since

Since f is a monomorphism, we must thus have 77 = T5. Hence,
x1 = T1(*) = Tz (* = @9 O

Proposition 1.18. A function f: X — Y of sets is surjective if and only if it
is an epimorphism in the category Set.

Proof. Suppose that f : X — Y is surjective, and suppose that we have func-
tions g1, 92 : Y — Z such that g; o f = go o f. We must show that g; = go, S0 we

14



take an arbitrary y € Y, and we must show g1 (y) = g2(y). Since f is surjective,
we can find x € X such that f(xz) =y. We can thus conclude that

91(y) = g1(f(x))
= g2(f(2))
= g2(y)

Here we used our assumption that g1 o f = g2 0 f.

Next we assume that f : X — Y is an epimorphism, and we need to show
that f is surjective. Let y € Y be arbitrary. We use classical logic to prove that
there is € X such that f(z) = y, so suppose that for each 2 € X we have
f(z) # y. Without loss of generality, we assume that * ¢ Y. We define a maps
91,92 Y = Y U1 as follows

a@)=y
y ify#y
92(:9') = { . ,
x ify=y

Note that g1 # g2, so to acquire a contradiction, it suffices to show g;o f = gao f
since f is an epimorphism. Let z € X. Since f(z) # y by assumption, we have

Hence, f is surjective. O

Proposition 1.19. A function f: X — Y of sets is bijective if and only if it
is an isomorphism in the category Set.

Proof. Suppose that f: X — Y is bijective. To define g : Y — X, we note that
for each y € Y there is a unique z such that f(z) = y, and we define g(y) to
be that z. From the description of g, we can immediately see that f(g(y)) = y:
g(y) is the unique element with f(g(y)) = y. To show that g(f(x)) = =, we use
that f is injective, so it suffices to show that f(g(f(x))) = f(«). This follows
from the fact that we just showed that f(g(y)) = y where we take y to be f(x).

Next we assume that f : X — Y is an isomorphism, which means that we
have a function g : ¥ — X such that go f = idx and f og = idy. To show
that f is injective, we assume that we have x1, 22 € X such that f(z1) = f(x2).
Now we note

r1 = g(f(z1)) = 9(f(22)) = 22

To show that f is surjective, we let y € Y be arbitrary. An inverse image for y
is given by g(y), since f(g(y)) = y by assumption. O

For the category of monoids and of groups, we can use the same strategy as
for the category of sets. We leave this as an exercise (Exercises [1.11)).
Next we look at the opposite category C°P.

Proposition 1.20. A morphism [ : x —ce y is a monomorphism in C°P if and
only if f 1y —¢c x is a epimorphism in C.

15



Proof. Suppose that f : £ —co y is a monomorphism in C°°. Our goal is to
show that f : y —¢ z is an epimorphism in C. Suppose that we have z : C and
g1,92 : ¢ —¢ z such that gj o¢ f = gaoc f. From g1 and go we obtain morphisms
91,92 : 2 —coe x. Note the following

focogr=g10c f
=g20c f
= [foco g2
Since f is a monomorphism in C°P, we have g1 = g2, and thus f : y —¢ x is a
epimorphism in C.
Now we assume that f : y —¢ x is an epimorphism in C, and we show that
f @ —=ce y is a monomorphism in C°P. We take the same steps: we assume
that we have we have z : C and g1, g2 : 2 —cor x such that f oce g1 = f ocor go.
We get morphisms g1,g2 : ¢ —¢ z from g1 and g9, and we have the following
equalities.

groc f = focw g1
= f OCop 92
=gaoc f

Since f is an epimorphism in C, we get g1 = g2, which finishes the proof that f
is a monomorphism in C°P. O

Proposition 1.21. A morphism f :y —, is a epimorphism in C°P if and only
if f is a monomorphism in C.

Proof. Left as an exercise (Exercise [1.8)). O

Proposition 1.22. A morphism f : x —cow y is an isomorphism in C°P if and
only if f :y —¢c x is an isomorphism in C.

Proof. Suppose that f : x —¢co y is an isomorphism in C°P. This means that we
have g : y —¢er @ such that g ocer f = id, and f oce g = id,. Note that g gives
us a morphism g : x —¢ y such that

focg=goce f =id,

goc f = foce g=idy

Hence, f :y —¢ x is an isomorphism in C.

The converse is proven similarly. If f : y —¢ « is an isomorphism in C, then
we have g : ¥ —¢ y such that foc g = id; and g o¢ f = id,. Hence, we have
morphisms f : & —cee y and g : y —¢cee  such that

goce f=focg=idy
foceg=goc f=idy

Hence, f is an isomorphism in C°P. U

16



The final example that we look at, is (X, <).

Proposition 1.23. Every morphism in (X, <) is a monomorphism and an
epimorphism.

Proof. To show that some morphism f is a monomorphism, we assume that we
have ¢g1,92 : w — y such that fog; = fogs. We must also have g; = g¢s,
because all morphisms in (X, <) are equal. Similarly, we can show that every
morphism is an epimorphism. O

e~

Proposition 1.24. We have an isomorphism between x and y in (X, <) if and
only if x <y and y < x.

P

Proof. An isomorphism (X, <) in z and y consists of morphisms f : z — y and
g : y — x. By definition, these morphisms give us that ¢ < y and y < z. If
we have morphisms x — y if x < y and y — x if y < x, then we obtain an
isomorphism, since we have f : x — y (since < y) and ¢ : y — x (since y < x).

Because all morphisms are equal in (X, <), the necessary equalities hold, and
thus we have an isomorphism. O
Proposition 1.25. FEvery isomorphism is a monomorphism and an epimor-
phism.

Proof. Left as an exercise (Exercise [1.14)). O

Note that the converse of Proposition [I.25]is false.

1.3 Exercises
Exercise 1.1. Complete Example [[.4] by proving that Group is a category.

Exercise 1.2. Finish the proof that C°? (Example [1.6)) forms a category by
proving the remain unitality law.

Exercise 1.3. Show that C; x Co forms a category (Example [1.7]) by defining
the identity and composition of morphisms, and proving the category laws.

Exercise 1.4. Define the category of preorders PreOrd where a morphism from
(X, <) to (Y, <) is a function f : X — Y such that f(z) < f(y) whenever z < y.

Exercise 1.5. Let C be a category such that for all f,g: 2z — y, we have f = g¢.
Show that C induces a preorder on the objects of C.

Exercise 1.6. The objects of the coslice category x/C are pairs of objects
y : C together with £ — y. Define the morphisms of the coslice category and
show that it indeed forms a category

Exercise 1.7. We consider the category of families Fam. The objects of
Fam consist of a set X and for each x € X a set Y (z). Morphisms from
(X1,Y1) to (X2,Y3) consist of a function f : X; — X5 together with maps
9z Y1(x) — Ya(f(x)) for each x € X;. Show that Fam indeed forms a category.

17



Exercise 1.8. Prove Proposition |1.21

Exercise 1.9. Let M be a monoid. Show that M is a group if and only if every
morphism in B(M) is an isomorphism.

Exercise 1.10. Characterize the isomorphism, monomorphisms, and epimor-
phisms in the product category C; x Cs.

Exercise 1.11. Characterize the isomorphism, monomorphisms, and epimor-
phisms in the category Mon of monoids.

Exercise 1.12. Characterize the isomorphism, monomorphisms, and epimor-
phisms in the category Group of groups.

Exercise 1.13. Give a bijective homorphism of preorders that is not an iso-
morphism.

Exercise 1.14. Prove Proposition [1.25

Exercise 1.15. Give a category C and a morphism f in C such that f is a
monomorphism and an epimorphism, but not an isomorphism.
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2 Constructions in Categories

2.1 Terminal and Initial Objects

Definition 2.1. Let C be a category and let x € C be an object. We say that
x is terminal if for all objects y there is a unique morphism !, : y — z.

The condition that for all objects y we have a unique morphism !, : y — =,
is called the universal property of terminal objects.

Definition 2.2. Let C be a category and let x € C be an object. We say that
x is initial if for all objects y there is a unique morphism !, : x — y.

The condition that for all objects y we have a unique morphism !, : y — =,
is called the universal property of initial objects.

Example 2.3. The set 1 is a terminal object in the category Set of sets. If
we have any set X, then we can construct a function f : X — 1, which maps
every x to the unique element * of 1. Now suppose that we have two functions
f,9: X — 1. Our goal is to show that f = g. To do so, we take an arbitrary
xz € X, and we need to show that f(x) = g(z). This follows from the following
chain of equalities

f(z) == g(2)

since all elements in 1 are equal to .

The empty set () is an initial object in Set. Let X be any set. We have a
function f from ) — X, namely the empty function. In addition, all functions
f,g:0 — X are equal, because there is no x € 0.

Proposition 2.4. Given an object x : C, x is terminal in C if and only if x is
initial in C°P.

Proof. Suppose z is terminal in C. To prove that x is initial in C°P, we take any
y : C°?, and we need to prove there is a unique morphism f : z —¢ce y. Note
that morphisms f : © —¢ce y are the same as morphisms f : y —¢ z. Since x is
terminal, there is a unique morphism f :y —¢ x. Hence, there also is a unique
morphism f : & —¢ce y and thus f is initial. In the same way, we prove that =
is terminal in C if x is initial in C°P. O

Proposition 2.5. Given an object x : C, x is initial in C if and only if x is
terminal in C°P.

Proof. Exercise. O

Remark. Propositions [2.4] and capture an important pattern: the notions
of initiality and terminality are dual. Terminality corresponds to initiality, but
with the morphisms reversed. In category theory, a wide variety of concepts can
be dualised, and we will see plenty of examples throughout these notes.
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Example 2.6. We construct a terminal and an initial object in Mon. To con-
struct a terminal object in Mon, we note that 1 is a monoid. The unit element eq
is * and the multiplication is the function -1 that maps all pairs (z, y) to *. Note
that every function f : M — 1 is a homomorphism. We have f(ep) = x = ey
since all elements in 1 are equal, and we have

flxmy)=*x=x*-1x=f(z)1 f(y)

Hence, there is a unique homomorphism from every monoid M to 1.
Next we show that 1 also is initial in Mon. Let M be any monoid. We define
the function f: 1 — M to be f(x) = epr. Note that f is a homomorphism:

flen) = f(x) = em

Since all z,y : 1 are equal to x, we also have
fl@ay)=flxax)=[f(x) =en
J@) o fly) = f(x) v f(¥) =em -mem =em

Note that f is unique as well. Let g be any other homomorphism from * to M.
Then we have

g(x) = gler) = enmr = f(*)
Hence, 1 is both initial and terminal in Mon.

—_~—

Example 2.7. Let us study initial and terminal objects in the category (X, <)

—~—

for (X, <) be a preorder. A terminal object for (X, <) is an object x € X

such that for each y € X there is a unique morphism f : y %&\Z) x. Since
morphisms in (X, <) are unique and since we have a morphism f : y — x5

—_~—

if and only if y < x, we have that z is a terminal object in (X, <) if and only if
for all y we have y < z. Hence, x is a maximal element of (X, <).

An initial object for (X, <) is an object # € X such that for each y € X there

—_~—

is a unique morphism f : x x5 Y Hence, x is an initial object in (X, <)

if and only if for all y we have z < y, meaning that z is a minimal element of
(X,<).

Proposition 2.8. Let C be a category and let x and y be terminal objects in C.
Then we have a unique isomorphism f :x = vy.

Proof. Note that we have f : © — y, because y is terminal, and that we have
gy — x, because x is terminal. These morphisms exist due to the “existence”
part in the universal property of terminal objects. We have f o g = id, and
go f = id; due to the uniqueness part in the universal property of terminal
objects. Both f o g and idy, are morphisms to the terminal object y, and hence
they must be unique. Similarly for g o f = id,. Note that if we have another
morphisms f’ : z — y, then we have that f = f’, because both are morphisms
into the terminal object y. U
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Proposition 2.9. Let C be a category and let x and y be initial objects in C.
Then we have a unique isomorphism f:x = vy.

Proof. Exercise. O

Digression. In Example we looked at the simply typed A-calculus. The
objects in the category that we discussed, are types and morphisms are terms.
To construct a terminal object in this category, we need to look at a version of
the A-calculus with unit types. Specifically, our A-calculus needs to come with
a type 1 and a term * : 1 such that all terms of type 1 are equal. Similarly, we
can study initital objects in this category. For those, we need to have a type 0
together with the usual elimination rule for the empty type.

Hence, to obtain a category with a terminal and initial object from the
simply typed A-calculus, we must look at a version that contains the unit type
and the empty type.

2.2 Binary Products and Coproducts

Definition 2.10. Suppose that we have a category C and objects z,y € C. A
binary product for = and y consists of

e an object z € C;
e morphisms 71 : 2 — x and w1 2 — ¥;

satisfying the following universal property: for all objects w € C and morphisms
f:w— x and g : w — y there is a unique morphism (f, g) : w — 2z with

7rlo<fvg>:f

mo(f,9) =g

We call m; and 75 the projection morphism, and we call (f, g) the pairing.
We say that C has binary products if all z,y € C have a binary product. In
case C has binary products, we denote the binary product of x and y by x x y.

To understand Theorem [2.10] we phrase it using the the language of dia-
grams. We start with z and the projection morphisms.

™1 ™2

T z Y

We draw the universal property as follows.

€ T T2 y

Definition 2.11. Suppose that we have a category C and objects z,y € C. A
binary coproduct for x and y consists of

g

w D
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e an object z € C;
e morphisms ¢ : x — z and 19 : y — 2;

satisfying the following universal property: for all objects w € C and morphisms
f:x— wand g:y— w there is a unique morphism [f, g] : 2 — w with

[fvg]oblzf

[figlowe=yg

We call ¢; and ¢o the inclusion morphism, and we call [f, g] the copairing.
We say that C has binary coproducts if all x,y € C have a binary coproduct.
In case C has binary coproducts, we denote the binary coproduct of = and y by
x+y.

We can visualise binary coproducts in a similar way. The inclusion mor-
phisms are drawn as follows.

L1 L2
x z Yy

The universal property is seen as follows.

Example 2.12. We show that the category Set of sets has binary products.
Let X and Y be sets, and we define the set X x Y as follows

XxY={(z,y)|z€ X,yeY}

We claim that X x Y is the binary product of X and Y. To see why, we define
the following morphisms. We start with m; : X x Y — X:

1 (.’E, y) =
The morphism 75 : X XY — Y is defined similarly:
m(z,y) =y

Next we need to prove the universal property. Let W be any set and suppose that
we have functions f: W — X and g: W — Y. We define (f,g9) : W = X xY

as follows:
(f,9)(w) = (f(w), g(w))
Note that 71 o (f, g) = f, because for every w € W we have

(m1 o (f,9))(w) = m(({f, 9)(w)) = m(f(w), g(w)) = f(w)
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Similarly we prove that w3 0 (f,g) = g.
(w2 0 (f,9))(w) = m2({f, g)(w)) = m2(f(w), g(w)) = g(w)

We also need to show that (f,g) is the unique morphism with this property,
so we assume that we have some h : W — X x Y such that 7 o h = f and
mo o h = g. Let w € W be arbitrary, and note that

{(f;9)(w) = (f(w), g(w)) = (m1(h(w)), 72(h(w))) = h(w)

Hence, we have (f, g) = h, meaning that (f, g) is the unique morphism with this
property. This proves that X x Y is indeed the binary product of X and Y.

Next we show that the category Set has binary coproducts. Given sets X
and Y, we define the set X + Y as follows

X+Y ={(0,2) [z e X}U{(L,y) |y €Y}

We show that X + Y is the coproduct of X and Y. We start by defining the
morphism ¢; : X - X +Y:

u(z) = (0,2)
We define 15 : Y — X 4+ Y similarly:
LQ(y) = (Ly)

Now we need to prove the universal property, so we take an arbitrary set W
and functions f : X — W and g : Y — W. We define [f,g] : X +Y — W as
follows

flz) if 2= (0,2)
g(y) ifz=(1y)

Note that [f,g] is total, because all elements in X + Y are either of the form
(0,z) or (1,y). We can directly prove the following equations

[f, gl(ea(z)) = [f,9](0,2) = f(x)
[fs9l(e2(v)) = [f, 9](L,y) = g(v)

To prove the uniqueness requirement, we assume that we have some h : X4+Y —
W such that hoty = f and hoty = g. If we have z € X + Y, then we know
that z is either of the form (0,z) or of the form (1,y) where x € X ory € Y.
In the first case, we have

h(0,z) = h(u(z)) = f(z) = [f,9(0,2) = [f, 9] (1 (z))
In the second case, we have

h(1,y) = h(ea(y)) = f(y) = [f,9l(L,y) = [f, 9](e2(v))

This concludes the proof of the uniqueness requirement, and hence X + Y is
indeed a binary coproduct of X and Y.

[f:91(2) = {
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Proposition 2.13. LetC be a category and suppose that we have objects x,y, z €
C. Then z is a binary product of x and y in C if and only if z is a binary
coproduct of x and y in C°P. Dually, z is a binary coproduct of x and y in C if
and only if z is a binary product of x and y in C°P.

Proof. Exercise O

Example 2.14. We show that the category Mon has binary products. Let M
and N be monoids. We first show that M x N = {(m,n) |[m € M,n € N} isa
monoid. We define eprx v to be (enr, en, and we define (mqy,n1) -pmrxn (ma, ng)
to be (m1 - ma,n1 - na). To show that M x N is the binary product of M and
N, we first note that 7, and ms are homomorphisms. For 7y, this is so, because

7T1(€MxN) = 771(6M,€N) = €M

771((7711,711) *MxN (m2,n2)) = 7T1(m1 sma, N1 ~n2)
=mi-ma
= mi(my,n1) - w1 (ma, na)

We can use the same reasoning for mo. If f : W — M and g : W — N are
homomorphisms, then so is (f, g). This is because

(f,9)(ew) = (f(ew),g(ew))
= (em,en)

= E€MxN

(f, 9) (w1 - w2) = (f(wr - w2), g(ws - w2))

= (f(wi) - f(w2),g(w1) - g(w2))
= (f(w1), g(w1)) - (f(wa2), g(w2))
= (f,9)(w1) - (f, 9)(w2)

The uniqueness of (f, g) is proven in the same way as for Set.
Constructing binary coproducts in the category of monoids is more challeng-
ing, and we leave it as an exercise.

Example 2.15. Let (X, <) be a preorder. We look at binary products in

(X,<). Given z,y € X, a binary product for z and y is an element z € X such
that x < z and y < z. This z also satisfies another property: for every w € X
with z < w and y < w, we must also have z < w. Hence, z is a least upper
bound of x and y.

We can similarly show that binary coproducts of x and y are greatest lower
bounds. Given z,y € X, a binary coproduct for z and y is an element z € X
such that z < x and z < y such that for all w € X with w < z and w <y, we
have w < z.

Proposition 2.16. Let C be a category and let x and y be objects in C. Suppose
that z1,z2 : C are binary products of x and y. Then we have an isomorphism
friz1 & 2.
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Proof. Since z; is a binary product of x and y, we have morphisms 77 : 21 — «
and 7y : 2o — y. Similarly, we have morphisms p; : 20 — = and ps : 20 — y.
We first construct a morphism f : z; — 25, which we define to be (p1, p2) as
displayed below.

21

z 3'(01 p2) Yy

|
I

p1 \}/ %
22

We define g : zo — 21 to be (71, ma).

21

M

3‘(7‘[‘1

N

We want to prove that fog =id,,. To do so, it suffices to prove that fogop; =
id,, o p1 and that fogomy = id,, o pa. This follows from the following equalities

\@/

i
|
i
22

fogopr=fo(m,m)op
=fom
= (p1,p2) o ™1
=P

fogopy=fo(m,m)ops
= fom
= (p1,p2) o2
= p2

We prove that g o f =id,, in the same way. O

Proposition 2.17. Let C be a category and let x and y be objects in C. Suppose
that z1, z9 : C are binary coproducts of x and y. Then we have an isomorphism

[z & 2.

Proof. Exercise. O
We introduce the following notation. Let C be a category with binary prod-

ucts. Given f:x7 — x2 and g : y; — y2, we define f X g : x1 Xy — X2 X Yo as

follows.
™1 ™2
Tl ¢ T XYy —— Y1

fl f‘Xg Jg
Ty S T2 X Y2 — 7 Y2
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Note we have that m1 o (f x g) = fom; and that me 0 (f X g) = g oma. Dually, if
C is a category with binary coproducts, and if we have morphisms f : 1 — xo
and g : y1 — Y2, we define f + g : x1 +y1 — 22 + y2 as follows.

L1 L2
T ——— T+ Y1 & Y1

fJ f fg Jg

Ty —— 7 T2t Y2 <5 Y2

We have
(f+g)ouu=uvof

(f+9g)oe=1209

Digression. To guarantee that the category defined in Example has binary
products and binary coproducts, we again need to consider suitable extensions
to the type systems. If we want this category to have binary products, we must
have a type constructor that all types 7 and ¢ and gives us a type 7 X o. For
the type 7 X o, we need to have a first and second projection, but also a pairing
operation that allows us to construct terms of type 7xo. In addition, these terms
need to satisfy the relevant - and n-rules: 7 rules guarantee uniqueness, whereas
[B-rules give that the required diagrams commute. For binary coproducts, we
need to extend the type system with coproduct types. The extension is dual:
we must have types 7 + o, left and right inclusion for terms, and a term that
allows us to do case distinction. We need to require 3- and n-rules to guarantee
uniqueness and that the required diagrams commute.

2.3 Pullbacks

Definition 2.18. Let C be a category with objects x,y,z € C. Suppose we
have morphisms f: 2z — z and g : y — 2. A pullback for f and g consists of

e an object w € C
e morphisms 7 :w — z and T w — Yy

such that f om = gomy. We require the following universal property: for all
objects a € C with morphisms hy : @ — x and hy : @ — y such that Ay - f = hs-g,
there is a unique k£ : a — w such that k- my = f and k-1 = g.

We say that C has pullbacks if every f and g has a pullback.

To understand the definition of pullbacks, we visualise the definition using
diagrams. We start with the following morphisms.

Y
g

xﬁz
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Our goal is to say that w is a pullback of f and g, which means that we have a
commuting diagram as follows.

2

T

88

Y

L"

z

The symbol _J indicates that this square is a pullback, which means that the
following universal property is satisfied.

—_—
J
f

ha

2

<}

Y
z
Example 2.19. Let X,Y,Z be sets and suppose that we have functions f :
X = Zand g:Y — Z. The pullback for f and ¢ is the following set

W={(z,y) |z € X,y €Y, flz) =gy}

To show that W is indeed the pullback of f and g, we define the following
functions. We start with m : W — X.

1]

B! (J"7 y) =7
Next we define mo : W — Y.

Tz, y) =y
Note that fom; = goms. Every element of W is of the form (z,y) with z € X
y €Y and f(x) = g(y). Hence,

(fom)(z,y) = f(mi(z,y)) = f(x) = g(y) = g(m2(x,y)) = (g 0 m2)(z,9)

Now suppose that we have some set A with functions hy : A — X and hy : A —
Y such that hyom; = f and ho oy = g. We define a map k : A — W as follows

k(a) = (h1(a), ha(a))

Note that k(a) is indeed an element of W since f(h1(a)) = g(hs(a)) by assump-
tion. In addition,

(m1ok)(a) = mi(k(a)) = mi(h1(a), ha(a)) = hi(a)

(m2 0 k)(a) = m2(k(a)) = m2(hi(a), ho(a)) = ha(a)
To prove that k is unique, we assume that we have k' : A — W such that
m1 ok’ = hy and my 0o k' = ho. Then we must also have for every a € A

k(a) = (hi(a), ha(a)) = (71 (K'(a)), m2(K'(a))) = K'(a)
Hence, W is indeed a pullback.
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Example 2.20. Let (X, <) be a preorder. Pullbacks in (X, <) are the same
as least upperbounds. If we have x < z and y < z, then a pullback consists of
w € X such that for all a € X with a < x and a < y, we must also have a < w.
Hence, w is the least upper bound of z and y.

Proposition 2.21. Pullbacks are unique up to isomorphism.

Proof. Exercise. O

2.4 Exercises

Exercise 2.1. Prove Proposition [2.5
Exercise 2.2. Prove Proposition [2.9
Exercise 2.3. Prove Proposition [2.13

Exercise 2.4. Let C be a category with binary products. Construct an isomor-
phism between = x y and y X x.

Exercise 2.5. Let C be a category with binary coproducts. Construct an
isomorphism between = + (y + z) and (z + y) + z.

Exercise 2.6. Let C be a category with binary products and a terminal object
1. Construct an isomorphism between x x 1 and x.

Exercise 2.7. Let C be a category with binary coproducts and an initial object
O. Construct an isomorphism between x + O and z.

Exercise 2.8. Let C be a category with binary products and a terminal object.
Show that the following square is a pullback.
x

™1 Y

8<— X

T
y —

!

Yy
Exercise 2.9. Let C be a category with binary products. Prove that the fol-
lowing square is a pullback.

fxidy
T XY ——— Ty XY

’”l lm

l’lﬁaﬁg

Exercise 2.10. Prove Proposition [2.21]

Exercise 2.11. Give the dual notion of pullbacks, called pushout.
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3 Functors and Natural Transformations

3.1 Functors

Definition 3.1
Example 3.2.
Example 3.3.
Example 3.4.
Example 3.5.
Example 3.6.
Example 3.7.
Example 3.8.
Example 3.9.

Example 3.10.

Example 3.11
Example 3.12
Example 3.13

. functor

identity functor

composition of functors

constant functor

maybe F(X) =X +1

product F(X)=X x A

more complicated: F(X)=X x A+1

product of functors

coproduct of functors
representable functor

. homset functor

. power set
. pullback

Digression. A-calculus: terms as a presheaf

3.2 Natural Transformations

Definition 3.14. Natural transformation

Example 3.15.
Example 3.16.
Example 3.17.
Example 3.18.
Example 3.19.
Example 3.20.
Example 3.21.
Example 3.22.
Example 3.23.
Example 3.24.
Example 3.25.
Example 3.26.
Example 3.27.
Example 3.28.

identity

composition

left whiskering

right whiskering

horizontal composition

first projection of product
second projection of product
pairing of natural transformations
unit for maybe monad
multiplication for maybe monad
unit for list monad
multiplication for list monad
constant natural transformation

representable natural transformation

29



3.3 Categories of Functors
Definition 3.29. the functor category

Proposition 3.30. This is indeed a category
Proof.

Definition 3.31. the category of categories
Proposition 3.32. This is indeed a category
Proof.

Digression. the 2-category of categories

Example 3.33. comma category

3.4 Exercises

Exercise 3.1. opposite functor

Exercise 3.2. coproduct of functors
Exercise 3.3. functor on full subcategory
Exercise 3.4. functor on slice category
Exercise 3.5. functor on arrow category
Exercise 3.6. C to arrow cat is functorial

Exercise 3.7. finite power set
also do unit and counit

Exercise 3.8. distribution monad
also do unit and counit

Exercise 3.9. arrow cat, natural transformations and functors
Exercise 3.10. initial object in the category of categories
Exercise 3.11. terminal object in the category of categories
Exercise 3.12. binary products in the category of categories

Exercise 3.13. binary coproducts in the category of categories
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4 Algebras and Coalgebras
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5 Adjunctions
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6 Monads
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7 Presheaves and the Yoneda Lemma
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8 Cartesian Closed Categories
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9 Cartesian Closed Categories and the A\-Calculus
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10 Hyperdoctrines
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11 Quantifiers as Adjoints

38



12 Triposes and Higher-Order Logic
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