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Abstract

In this paper, we show that all finitary 1-truncated higher
inductive types (HITs) can be constructed from the groupoid
quotient. We start by defining internally a notion of signa-
tures for HITs, and for each signature, we construct a bicate-
gory of algebras in 1-types and in groupoids. We continue
by proving initial algebra semantics for our signatures. After
that, we show that the groupoid quotient induces a biadjunc-
tion between the bicategories of algebras in 1-types and in
groupoids. We finish by constructing a biinitial object in the
bicategory of algebras in groupoids. From all this, we con-
clude that all finitary 1-truncated HITs can be constructed
from the groupoid quotient. All the results are formalized
over the UniMath library of univalent mathematics in Coq.
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ory; Constructive mathematics.
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1 Introduction

The Martin-Lof identity type, also known as propositional
equality, represents provable equality in type theory [52].
This type is defined polymorphically over all types and has
a single introduction rule representing reflexivity. The elim-
inator, often called the J-rule or path induction, is used to
prove symmetry and transitivity. Note that in particular, we
can talk about the identity type of an already established
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identity type. This can be iterated to obtain an infinite tower
of types, which has the structure of an co-groupoid [50, 60].

The J-rule is also the starting point of homotopy type theory
[59]. In that setting, types are seen as spaces, inhabitants
are seen as points, proofs of identity are seen as paths, and
paths between paths are seen as homotopies. In mathematical
terms, type theory can be interpreted in many Quillen model
categories [15], as for example simplicial sets [41]. In the
resulting model, not every inhabitant of the identity type is
equal to reflexivity, which is also the case in the groupoid
model [37, 38] and the cubical sets model [18].

If we assume enough axioms, then we can construct types
for which we can prove that not every two inhabitants of
the identity type are equal. One example is the universe if
one assumes the univalence axiom [59]. Other examples can
be obtained by using higher inductive types (HITs).

Higher inductive types generalize inductive types by al-
lowing constructors for paths, paths between paths, and so
on. While inductive types are specified by giving the arities
of the operations [27], for higher inductive types one must
also specify the arities of the paths, paths between paths, and
so on. The resulting higher inductive type is freely generated
by the provided constructors. To make this concrete, let us
look at some examples [59]:

Inductive S!:=
| baseg: :S!
| loopg: : baseg: = baseg:

Inductive 772 :=

| base: 72

| loopy, loop; : base = base

| surf : loop; @ loop; = loop; ®loop;

The first one, S!, represents the circle. It is generated by a
point constructor baseg: : S! and a path constructor loopyg; :
baseg: = baseg:. The second one, 772, represents the torus.
This type is generated by a point constructor base, two path
constructors loop; and loop; of type base = base, and a
homotopy constructor surf : loop; @ loop; = loop; e loop)
where p e g denotes the concatenation of p and q. Note that
constructors depend on previously given constructors in the
specification. For both types, introduction, elimination, and
computation rules can be given [59].


https://doi.org/10.1145/3373718.3394803
https://doi.org/10.1145/3373718.3394803
https://doi.org/10.1145/3373718.3394803
http://crossmark.crossref.org/dialog/?doi=10.1145%2F3373718.3394803&domain=pdf&date_stamp=2020-07-08

LICS °20, July 8-11, 2020, Saarbriicken, Germany

In this paper, we study a schema of higher inductive types
that allows defining types by giving constructors for the
points, paths, and homotopies. All of these constructors can
be recursive, but they can only have a finite number of recur-
sive arguments. Concretely, this means that every inhabitant
can be constructed as a finitely branching tree. Note that
recursion is necessary to cover examples such as the set
truncation, algebraic theories, and the integers. Such a HIT
is called finitary. A similar scheme was studied by Dybjer
and Moeneclaey and they interpret HITs on this scheme in
the groupoid model [28].

Say that a type X is I-truncated if for all x,y : X, p,q :
x =y,and r,s: p = q we have r = s, and a I-type is a type
which is 1-truncated. In terms of the co-groupoid structure
mentioned before, such types are 1-groupoids. An example of
a 1-type is S! [49], which we mentioned before, and another
one is the classifying space of a group [48]. Groupoids are
related to 1-types via the groupoid quotient [58], which takes
a groupoid G and returns a 1-type whose points are objects
of G up to equivalence. Note that the types of univalent
groupoids and of 1-types are equivalent [3].

The goal of this paper is to show that finitary 1-truncated
higher inductive types can be derived from simpler princi-
ples. More specifically, every finitary 1-truncated HIT can be
constructed in a type theory with propositional truncations,
set quotients, and groupoid quotients. Note that the set quo-
tient is a special instance of the groupoid quotient. The result
of this paper can be used to simplify the semantic study of
finitary 1-truncated HITs. Instead of verifying the existence
of a wide class of HITs, one only needs to check the existence
of propositional truncations and groupoid quotients.

The contributions of this paper are summarized as follows

e An internal definition of signatures for HITs which
allows path and homotopy constructors (Definition
3.4);

e Bicategories of algebras in both 1-types and groupoids
(Definition 3.16);

e A proof that biinitial algebras in 1-types satisfy the
induction principle (Proposition 4.14);

o A biadjunction between the bicategories of algebras in
1-types and algebras in groupoids (Construction 5.12);

e A construction of 1-truncated HITs from the groupoid
quotient (Construction 6.4), which shows that such
HITs exist. This is the main contribution of this paper.

Related Work. Various schemes of higher inductive types
have been defined and studied. Awodey et al. study induc-
tive types in homotopy type theory and prove initial algebra
semantics [14]. Sojakova extended their result to various
higher inductive types, among which are the groupoid quo-
tient, W-suspensions, and the torus [57, 58]. Basold et al.
define a scheme for HITs allowing for both point and path
constructors, but no higher constructors [16], and a similar
scheme is given by Moeneclaey [54]. Dybjer and Moeneclaey
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extended this scheme by allowing homotopy constructors
and they give semantics in the groupoid model [28]. In the
framework of computational higher-dimensional type the-
ory [11], Cavallo and Harper defined indexed cubical induc-
tive types and prove canonicity [22]. Altenkirch et al. define
quotient inductive-inductive types, which combine the fea-
tures of quotient types with inductive-inductive types [5, 31].
Kovacs and Kaposi extended this syntax to higher inductive-
inductive types [39], which can be used to define not neces-
sarily set-truncated types. The scheme studied in this paper,
is most similar to the one by Dybjer and Moeneclaey [28]
with the restriction that each type has a constructor indi-
cating that the type is 1-truncated. In particular, this means
that inductive-inductive types are not considered. Note that
the HITs we study only have the right elimination property
with respect to 1-types unlike W-suspensions [57, 58].

Higher inductive types have already been used for numer-
ous applications. One of them is synthetic homotopy theory.
Spaces, such as the real projective spaces, higher spheres,
and Eilenberg-MacLane spaces, can be defined as higher in-
ductive types [20, 46, 48, 59]. The resulting definitions are
strong enough to determine homotopy groups [46, 49]. In
addition, algebraic theories can be modeled as HITs, which
allows one to define finite sets as a higher inductive type [33].
Other applications of HITs include homotopical patch the-
ory, which provides a way to model version control systems
[12], and modeling data types such as the integers [10, 16].
Besides, quotient inductive-inductive types can be used to
define the partiality monad [6]. These types can also be used
to define type theory within type theory [7] and to prove nor-
malization [8]. Since the HITs in this paper are 1-truncated,
they can capture algebraic theories while for examples such
as real projective spaces and higher spheres, we can only
define their 1-truncation.

Several classes of higher inductive types have already been
reduced to simpler ones. Both Van Doorn and Kraus con-
structed propositional truncations from non-recursive higher
inductive types [42, 62]. Using the join construction, Rijke
constructed several examples of HITs, namely n-truncations,
the Rezk completion, and set quotients [56]. Awodey et al.
give an impredicative construction of finitary inductive types
and some HITs [13]. Constructions of more general classes
of HITs have also been given. Assuming UIP, Kaposi et al.
constructed all finitary quotient inductive-inductive types
from a single one [40], and without UIP, Van der Weide and
Geuvers constructed all finitary set truncated HITs from
quotients [61]. Note that these two works only concern set
truncated HITs while our work concerns 1-truncated HITs.
Furthermore, the HITs considered by Van der Weide and
Geuvers are a special case of the HITs in this paper.

Lastly, an alternative way to verify the existence of higher
inductive types, is by constructing them directly in a model.
Coquand et al. interpreted several HITs in the cubical sets
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model [18, 25]. Note that one can constructively prove uni-
valence in the cubical sets model [24] and that cubical type
theory satisfies homotopy canonicity [26]. Furthermore, cubi-
cal type theory has been implemented in Agda with support
for higher inductive types [63]. Lumsdaine and Shulman give
a semantical scheme for HITs and show that these can be
interpreted in sufficiently nice model categories [51].
Formalization. All results in this paper are formalized in
Coq [53] using UniMath [64]. The formalization uses the
version with git hash 2dadfb61 and can be found here:

https://github.com/nmvdw/GrpdHITs/tree/LICS

Overview. We start by recalling the groupoid quotient and
displayed bicategories in Section 2. Displayed bicategories
are our main tool to construct the bicategory on algebras on
a signature. In Section 3, we define signatures and show that
each signature gives rise to a bicategory of algebras in both
1-types and groupoids. The notion of a higher inductive type
on a signature is given in Section 4. There, we also prove
initial algebra semantics, which says that biinitiality is a
sufficient condition for being a HIT. To construct the desired
higher inductive type, we use the groupoid quotient, and
in Section 5 we lift this to a biadjunction on the level of
algebras. As a consequence, constructing the initial algebra
of a signature in groupoids is sufficient to construct the
desired higher inductive type. In Section 6, we construct the
desired initial algebra and we conclude that each signature
has a higher inductive type. Lastly, we conclude in Section 7.
Notation. Let us recall some notation from HoTT which
we use throughout this paper. The identity path is denoted
by idpath(x) and the concatenation of paths p : x = y and
q : y = z is denoted by p e g. Given a type X with points
x,y : X and paths p,q : x = y, wecallapaths : p =qa
2-path. A proposition is a type of which all inhabitants are
equal. A set is a type X such that for all x,y : X the type
X = y is a proposition. A homotopy between f,g: X — Y
consists of a path f(x) = g(x) for each x : A.

2 Preliminaries
2.1 Groupoid Quotient

Let us start by formally introducing the groupoid quotient
[58]. The groupoid quotient is a higher dimensional version
of the set quotient, so let us quickly recall the set quotient.
Given a setoid (X, R) (a set X with an equivalence relation R
valued in propositions on X), the set quotient gives a type
X /R, which is X with the points identified according to R.
Note that X /R always is a set since R becomes the equality.

Instead of a setoid, the groupoid quotient takes a groupoid
as input. Recall that a groupoid is a category in which ev-
ery morphism is invertible. In particular, each groupoid has
identity morphisms, denoted by id(x), and a composition
operation. The composition of f and g is denoted by f - g.
In addition, the type of morphisms from x to y is required to
be a set. We write Grpd for the type of groupoids.
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Given G : Grpd, the groupoid quotient gives a 1-type
GQuot(G). In this type, the points are objects of G and these
are identified according to the morphisms in G. In addition,
the groupoid structure must be preserved. Informally, we
define the groupoid quotient as the following HIT.

Inductive GQuot (G : Grpd) :=

| gel: G — GQuot(G)

| geleq: [1(x.y : G)(f : Glx,y)). gel(x) = gel(y)

| ge:[](x:G),gcleq(id(x)) = idpath(gcl(x))

| geoncat : [[(x,y,z: G)(f : G(x,y))(g : G(y, 2)),
geleq(f - g) = geleq(f) @ geleq(g)

| gtrunc: [1(x,y : GQuot(G))(p,q : x = y)(r,s: p = q),

r=s

To formally add this type to our theory, we need to pro-
vide introduction, elimination, and computation rules for
GQuot(G). Formulating the elimination principle requires
two preliminary notions. These are inspired by the work by
Licata and Brunerie [47]. The first of these gives paths in a
dependent type over a path in the base.

Definition 2.1. Given a type X : TYPE, a type family Y :
X — TyPE, points x1, x3 : X, a path p : x; = x3, and points
X1 : Y(x1) and X3 : Y(xy) over x; and x; respectively, we
define the type x; =1),’ X, of paths over p from xj to x; by
path induction on p by saying that the paths over the identity
path idpath(x) from x7 to X; are just paths x; = x3.

Note that the groupoid quotient also has constructors for
paths between paths. This means that we also need a depen-
dent version of 2-paths, and inspired by the terminology of
globular sets, we call these globes over a given 2-path. We
define them as follows.

Definition 2.2. Let X, Y, and x;, x, be as in Definition 2.1.
Suppose, that we paths p, g : x; = x3, a 2-path g : p = g, and
paths p : X1 =, Xz and g : X1 =4 X over p and q respectively,
we define the type p =, g of globes over g from p to g by
path induction on g by saying that the paths over the identity

path idpath(p) are just paths p = g.
From this point on, we assume that our type theory has

the groupoid quotient. More specifically, we assume the fol-
lowing axiom.

Axiom 2.3. For each groupoid G there is a type GQuot(G)
which satisfies the rules in Figure 1.

Note that there are no computation rules for gconcat, ge,
and gtrunc, because such rules follow from the fact that Y
is a family of 1-types.

2.2 Bicategory Theory

The upcoming construction makes heavy use of notions from
bicategory theory [17, 45] and in particular, the displayed
machinery introduced by Ahrens et al. [2]. Here we recall
some examples of bicategories and the basics of displayed
bicategories.
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Introduction rules:

x:G xy:G

f:G(x,y)

x:G

gel(x) : GQuot(G)

x1,2:G 9:G(y,2)

f:Gx,y)

geleq(f) : gel(x) = gel(y)

ge(x) : geleq(id(x)) = idpath(gcl(x))

x,y : GQuot(G) pg:x=y rs:p=gq

geoncat(f, g) : geleq(f - g) = geleq(f) o geleq(g)

gtrunc(r,s) : r =s

Elimination rule:

Y : GQuot(G) — 1-Type

gely : T1(x : G), Y(gel(x))

geleqy : [1(x,y : G)(f : G(x, ), gely (%) =, goqr) 81y @)
gey : [1(x : G), gcleqy (id(x)) = ge(x) idpath(gcly (x))
geoncaty : [10r, 4,2 : G)(f : Glx, y))(g : G(y, 2)), gcleqy (f - 9) =geoncar(r,q) 810y () © geleqy(9)

gind(gcly, gcleqy, gey, geconcaty) : [T(x : GQuot(G)), Y(x)

Computation rules:
For gcl: gind(gcly, gcleqy, gey, geconcaty )(gel(x)) = gely (x)
For gcleq: apd (gind(gcly, gcleqy, gey, gconcaty)) (geleq(f)) = geleqy (f)

Figure 1. Introduction, elimination, and computation rules for the groupoid quotient [58].

Recall that a bicategory consists of objects, 1-cells between
objects, and 2-cells between 1-cells. The type of 1-cells from
x to y is denoted by x — y and the type of 2-cells from f to
g is denoted by f = g. Note that the type f = g is required
to be a set. There are identity 1-cells and 2-cells denoted by
id; and id, respectively, composition of 1-cells f and g is
denoted by f - g, and the vertical composition of 2-cells § and
0’ is denoted by 6 e 0’. The left whiskering of a 2-cell 8 with
1-cell f is denoted by f <1 8 and right whiskering of 8 with
a 1-cell g is denoted by 6 > g. Unitality and associativity of
vertical composition of 2-cells hold strictly while for 1-cells,
these laws only hold up to an invertible 2-cell.

Let us fix some notation before continuing. Given bicat-
egories By and B,, we write Pseudo(B1, B) for the type of
pseudofunctors from B; to B;. The type of pseudotransfor-
mations from F to G is denoted by F = G and the type of
modifications from 6 to 6’ is denoted by 8 = 0’ [45]. Lastly,
the type of biadjunctions between B; and B, is denoted by
L 4 R where L : Pseudo(B1, B;) and R : Pseudo(B,, By). If we
have L 4 R, we say that L is left biadjoint to R. The definition
of biadjoint we use, is similar to the one used by Gurski [34],
but without any coherencies. Beside these standard notions,
we use two bicategories: 1-Type and Grpd.

Example 2.4. We have

e a bicategory 1-Type whose objects are 1-types, 1-cells
are functions, and 2-cells are homotopies;

e abicategory Grpd of groupoids whose objects are (not
necessarily univalent) groupoids, 1-cells are functors,
and 2-cells are natural transformations.

Next we discuss displayed bicategories, which is our main
tool to define bicategories of algebras on a signature. Intu-
itively, a displayed bicategory D over B represents structure

and properties to be added to B. Displayed bicategories gen-
eralize displayed categories to the bicategorical setting [4].
Each such D gives rise to a total bicategory / D. The full
definition can be found in the paper by Ahrens et al. [2], and
here, we only show a part.

Definition 2.5. Let B be a bicategory. A displayed bicate-
gory D over B consists of

e For each x : B a type D(x) of objects over x;
e Foreach f : x — y,x : D(x) and y : D(y), a type

x i) y of 1-cells over f;

oForeach9:fﬁg,?:fgy,andg:fiy,aset

— 0
f = g of 2-cells over 0.

In addition, there are identity cells and there are composition
and whiskering operations. The composition of displayed
1-cells f and g is denoted by f - g, the displayed identity 1-cell
is denoted by id;(x). The vertical composition of 2-cells 0
and 0’ is denoted by 6 e 0’, the left and right whiskering is
denoted by f <1 0 and 6 > f respectively, and the identity
2-cell is denoted by id,(f).

Definition 2.6. Let B be a bicategory and let D be a dis-
played bicategory over B. We define the total bicategory
f D as the bicategory whose objects of f D are just depen-
dent pairs (x, x) with x in B and X in D(x). The 1-cells and
2-cells in f D are defined similarly. In addition, we define
the projection 7 : Pseudo(fD, B) to be the pseudofunctor
which takes the first component of each pair.

Let us finish this section by defining the displayed bicate-
gories we need in the remainder of this paper. Motivation
and explanation of Examples 2.7 and 2.9 is given by Ahrens

et al [2].
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Example 2.7. Given a bicategory B and a pseudofunctor
F : Pseudo(B, B), we define a displayed bicategory DFalg(F)
over B such that

o the objects over x : B are 1-cells h, : F(x) — x;
e the 1-cells over f : x — y from h, to h are invertible
2-cells 77 : hy - f = F(f) - hy;

o the 2-cells over 0 : f = g from 15 to 7, are equalities
hy <0 ey =17 0 F(O) > hy.

Example 2.8. Given a bicategory B, a type I, and for each
i : I a displayed bicategory D; over B, we define a displayed
bicategory [](i : I), D; over B such that

o the objects over x : B are functions [[(i : I), D;(x);

e the 1-cells over f : x — y from x to y are functions

. o fo_
[1G : 1), x(i) = y(i); _
e the 2-cells over 8 : f = g from f to g are functions
, Zon 0
[1G = D), f() = g(D).
Example 2.9. Let B be a bicategory with a displayed bicat-
egory D over it. Now suppose that we have pseudofunc-
tors S, T : Pseudo(B, B) and two pseudotransformations

Lr : mp - S = 7np - T. Then we define a displayed bicat-
egory DFcell(l, r) over /D such that

o the objects over x are 2-cells yy : [(x) = r(x);
e the 1-cells over f : x — y from y, to y, are equalities

(vx & T(zp(f))) @ r(f) = I(f) & (S(zD(f)) < yy);
o the 2-cells over 6 : f = g are inhabitants of the unit
type.

Example 2.10. Let B be a bicategory and let P be a family of
propositions on the objects of B. Then we define a displayed
bicategory FSub(P) over B whose objects over x are proofs of
P(x) and whose displayed 1-cells and 2-cells are inhabitants
of the unit type. The total bicategory / FSub(P) is the full
subbicategory of B whose objects satisfy P.

3 Signatures and their Algebras

Before we can discuss how to construct 1-truncated higher
inductive types, we need to define signatures for those. Our
notion of signature is similar to the one by Dybjer and Moen-
claey [28]. However, instead of defining them externally, we
define a type of signatures within type theory just like what
was done for inductive-recursive and inductive-inductive
definitions [29, 32]. In addition, we show that each signature
3 gives rise to a bicategory of algebras for X.
In this section, we study HITs of the following shape

Inductive H :=
| ¢: P(H) —» H
| p: T1G : D(x : Q(H)), i(x) = r(x)
[ s: [1G: (x s RED)(r = a1(x) = az(x)),
q1(x,r) = q2(x, 1)
s [Gey: H)Xqq2 i x =y)(r,s 1 q1 = q2),r =

1%}

~
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To see what the challenges are when defining such HITs, let
us take a closer look at the torus.

Inductive 72 :=

| base: 72

| loopy, loop; : base = base

| surf : loop;  loop; = loop; e loop;

There is a point constructor base, two paths constructors
loopy, loop; : base = base, and a homotopy constructor
surf : loop; e loop, = loop; e loop;. Note that loop; and
loop; refer to base and that surf refers to all other construc-
tors. Hence, the signatures we define, must be flexible enough
to allow such dependencies.

A similar challenge comes up when defining the bicate-
gory of algebras for a signature. For the torus, an algebra
would consist of a type X, a point b, paths p,q : b = b, and a
2-path s : p e g = g ® p. Again there are dependencies: p and
q depend on b while s depends on both p and g. To overcome
this challenge, we use displayed bicategories to construct
the bicategory of algebras in a stratified way.

3.1 Signatures

Now let us define signatures, and to do so, we must specify
data which describes the constructors for points, paths, and
homotopies. To specify the point constructors, we use poly-
nomial codes. Given a type X and a polynomial code P, we
get another type P(X). Such a code P describes an operation
of the form P(X) — X.

Definition 3.1. The type of codes for polynomials is in-
ductively generated by the following constructors

CA):P, Id:P, P+P,:P, P xP,:P

where A is a 1-type and P; and P, are elements of P.

The constructor C(A) represents the constant polynomial,
Id represents the identity, and P; + P, and P; X P, represent the
sum and product respectively. Note that we restrict ourselves
to finitary polynomials since we do not have a constructor
which represents the function space.

The second part of the signature describes the path con-
structors, which represent universally quantified equations.
To describe them, we must give two path endpoints. These
endpoints can refer to the point constructor, which we rep-
resent by a polynomial A. In addition, they have a source
(the type of the quantified variable) and a target (the type
of the term). The source and the target are represented by
polynomials S and T respectively.

Definition 3.2. Let A, S, and T be codes for polynomials.
The type E4(S,T) of path endpoints with arguments A,
source S, and target T is inductively generated by the con-
structors given in Figure 2.

Note that the parameter A is only used in the path endpoint
constr, which represents the point constructor. If we have
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P:P P,Q,R:P

e1: E4(P,Q)
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€y EA(Q’ R)

idA : EA(P,P)

P,Q:P P,Q:P

e;-ex: EA(P,R)

constr : Ez(A, Id)

P,Q:P P,Q:P

inl : Eo(P,P + Q) inr: EA(Q,P + Q)

P:P X : 1-Type x:X

pr; : EA(P X Q,P)
P,O,R:P

pry s Ea(P X Q.Q)

e : EA(P, Q) ey : EA(P, R)

c(x) : Ea(P, C(X))

(61,62) : EA(P, Q X R)

Figure 2. Rules for the path endpoints.

T:P e:Es(R,T) T:P

€1,€2: EA(R, T)

h: Hl,r,al,az(el’ ez)

idpath(e) : Hy ; 4,,4,(e; €)

T:P €1, 62,63 : EA(R’ T)

hl : Hl,r,al,az(eh 62)

ht: Hl,r,al,az(eb el)

hZ : Hl,r,al,az(eZa 93)

hl @ h2 : Hl,r,al,ag(eh 63)

Ty, 15,13 : P er: Ea(R, Th)

e Ea(T1, T2)

e3: Ea(Ty, T5)

a(er, ez, e3) : Hyp g a,(e1 - (e2- e3),(e1 - €2) - €3)

T:P e:EA(R,T)

T:P e:Es(R,T)

Ale) : Hl,r,al,ag(idR ‘e, e)

ThTZ :P €1,€2 ¢ EA(R’ Tl)

p(e) : Hi v q).q,(e - idr, €)
€3, €4 : EA(R, Tz)

h : Hl,r,al,az((els 63)’ (623 64))

pr1(h) : Hl,r,al,uz(el’ 62),

pl‘z(h) : Hl,r,al,az (633 64)

T, T : P e, ey : EARTh) es,eq: EAR T2) hi:Hyroa,a,(e1,€2) hy i Hyroa,.a,(e3, €4)
(hl’ hZ) : Hl,r,al,az ((els 63)’ (ez, 64))
T, T, : P er,ez : EARTh) h:Hjr a.q,(e1,€2) Jj:J e:EA(R, Qj)

inl(h) : Hy ; 4,,4,(e1 - inl, e, - inl)
T, T : P e, ez EA(R, Ty)

h: Hl,r,al,az(ela eZ)

path;(e) : Hir a,.a,(€ - 1(j), € - (j))

inr(h) : Hy ; 4,,4,(e; - inr, e, - inr)

el5 er : EA(Q’ A)

parg : Hl,",ﬂl,ﬂz(al’ aZ)

h: Hl,r,al,az(el’ er)

ap h:Hj, 4 q,(e - constr, e, - constr)

Figure 3. Rules for the homotopy endpoints.

a type X with a function ¢ : A(X) — X, then each endpoint
e gives for every x : S(X) a point [e]J(x) : T(X). Note that
[e](x) depends on ¢ while we do not write ¢ in the notation.
Hence, two endpoints ey, e, represent the equation

[ er: s, [erd () = [er] ).

Note that a HIT could have arbitrarily many path construc-
tors and we index them by the type J.

The last part of the signature describes the homotopy
constructors and these depend on both the point and path
constructors. A homotopy constructor represents an equa-
tion of paths, which is universally quantified over both points
and paths of the HIT being defined. The point argument is
represented by a polynomial R, and the path argument is rep-
resented by a polynomial T and endpoints aj, a; : E4(R, T).

Lastly, the type of the paths in the equation is described by
two endpoints s;, s, : E4(R, W) with W : P.
Definition 3.3. Suppose that we have

e A polynomial A;

e A type J together with for each j : J a polynomial Q;

and endpoints [;, rj : EA(Qj, Id);

e A polynomial R;

o A polynomial T with endpoints a;, az : E4(R, T);

o A polynomial W with endpoints s1, 53 : Ea(R, W).
Then we define the type H;  4,,4,(51, s2) of homotopy end-
point inductively by the constructors in Figure 3.

There are three homotopy endpoints of particular impor-
tance. The first one is path, which represents the path con-
structor and it makes use of [; and r;. The second one, Parg>
represents the path argument and it uses a; and a,. The last
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one is ap and it represents the action of the point constructor
on a homotopy endpoint.

The way we represent path arguments allows us to rep-
resent equations with any finite number of path arguments
by only two path endpoints. For example, two path argu-
ments p : x; = y; and q : x, = y; is represented by one path
argument of type (x1, x2) = (y1, y2).

Given a type X with a function ¢ : A(X) — X and for
each x : Q;(X) a path l;(x) = rj(x), a homotopy endpoint
P : Hir a.a,(s1,52) gives rise for each point x : R(X) and
path w : ai(x) = az(x) to another path p(x, w) : si(x) =
s2(x). Hence, two homotopy endpoints p, g : Hy r,4,,4,(51, 52)
represent the equation

[ ]G RO : a1(x) = az(x)). px w) = glx, w)

Now let us put this all together and define what signatures
for higher inductive types are.

Definition 3.4. A HIT-signature X consists of

e A polynomial A%;

e A type Jg together with for each j : Jg a polynomial
SJZ and endpoints IJZ, rf : EAz(SJZ, Id);

e A type Jﬁ together with for each j : Ja polynomi-
als R and T7, endpoints a},b} : Exs(R},T;) and
sjz, tJZ : EAz(RJZ, Id), and homotopy endpoints pjz, q}z. :
Hiz 2 o2 5 (7, 1).

If X is clear from the context, we do not write the su-
perscript. In the remainder, we show how to interpret the
following HIT given a signature X:

Inductive H :=

| ¢c: A(H - H

| p: T1G Jp)e = S, DL 1] = [, 1)

| st T1G 0 ) s R = a,(x) = b (),
p;(x.r) = q;(x,r)

| t: 1y :H)p.g:x=y)r,s:p=q),r=s

Next we consider three examples of HITs we can express
with these signatures.

Example 3.5. The torus is described by the signature 72.

e Take A7 = C(1);

e Take J;rz = 2 and for both inhabitants we take 7~ =
C(1) and I7* = ¢7" = constr;

o Take JZ;Z = 1. Since there no arguments for this path
constructor, we take R7* = C(1) and a” = b7 =
c(tt). Now for the left-hand side and right-hand side
of this equation, we take path, . (id) @ pathg,.(id)
and pathg,  (id) @ path,.(id) respectively.

true

Example 3.6. We represent the integers modulo 2 as the
following HIT:

Inductive Zj :=
| Z:2Z;
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| S:Zy > Zy
| m:[](x:Z),S(S(x)) =x
| c: [I(x:2Z2),m(S(x)) = ap S (m(x))

Note that all constructors except Z are recursive. We define
a signature Z;.
e Take A%z = C(1) + Id;
e Take J%Z = C(1) and for its unique inhabitant we take
$% = Id and

1“2 = (inr - constr) - (inr - constr), r** = id;

e Take Jﬁz = C(1). Furthermore, we take R? = Id and
a’> = b% = c(tt). The endpoints s and t encode
S(S(S(x))) and S(x) respectively, and for the left-hand
side and right-hand side of this equation, we take

ap(A' @ @ @ inr(path,(id) @' @A @A)

al@al@ path,(inr - constr) @ p.
respectively. Note that we use «, A, and p to make
the equations type check. If we would interpret the
left-hand side and right-hand side of the homotopy
constructor in 1-types, then all occurrences of , A,
and p become the identity path. We thus get the right
homotopy constructor.

Example 3.7. Given a 1-type A, the set truncation of A is
defined by the following HIT:

Inductive ||A]| :=
| inc:A — ||A]l
| trunc: [[Cxe,y: [[AID(p.q:x=y).p=9q

Note that this higher inductive type has a parameter A, so
the signature we define, depends on a 1-type A as well. To
encode the path arguments of trunc, we use that two paths
p,q : x =y is the same as a path r : (x, x) = (y,y). Define a
signature ||Al| such that

o AllAIl = C(A);

. J|P|A” is the empty type;

. JHAH = 1. In addition, there are two point arguments
RIIAII = Id x Id and a path argument with left-hand
side (pr,, pr;) and right-hand side (pr,, pr,). For the
left-hand side and right-hand side of the homotopy,
we take pr;(p,,,) and pr,(p,,) respectively.

3.2 Algebras in 1-types and groupoids

With the signatures in place, our next goal is to study the
introduction rules of HITs and for that, we define bicate-
gories of algebras for a signature. Since we ultimately want
to construct HITs via the groupoid quotient, we look at both
algebras in 1-types and groupoids.

In both cases, we use a stratified approach with displayed
bicategories. Let us illustrate this by briefly describing the
construction for 1-types. On 1-Type, we define a displayed
bicategory and we denote its total bicategory by PreAlg(Z).
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The objects of PreAlg(X) consist of a 1-type X together with
an operation P(X) — X. Concretely, the objects satisfy the
point introduction rules specified by 2. On top of PreAlg(Z),
we define another displayed bicategory whose total bicat-
egory is denoted by PathAlg(Z). Objects of PathAlg(X) sat-
isfy the introduction rules for both the points and the paths.
Lastly, we take a full subbicategory of PathAlg(X) obtaining
another bicategory Alg(X) whose objects satisfy the intro-
duction rules for the points, paths and homotopies.
To define PreAlg(Z), we use Example 2.7.

Problem 3.8. Given P : P, to construct pseudofunctors
[P] : Pseudo(1-Type, 1-Type), (P) : Pseudo(Grpd, Grpd).

Construction 3.9 (for Problem 3.8). We only discuss the
case for 1-types since the case for groupoids is similar. Given
apolynomial P and a type X, we get a type P(X) by induction.
The verification that this gives rise to a pseudofunctor can
be found in the formalization. O

Definition 3.10. Let ¥ be a signature. Then we define the bi-
categories PreAlg(Z) and PreAl 8Grpd (%) to be the total bicate-
gories of DFalg([A*]) and DFalg({A®)) respectively. Objects
of these bicategories are called prealgebras for 3.

Note that prealgebras only have structure witnessing the
introduction rule for the points. Next we look at the intro-
duction rule for the paths. In this case, the desired structure
is added via Example 2.9 and to apply this construction, we
interpret path endpoints as pseudotransformations.

Problem 3.11. Givene : E4(P, Q), to construct pseudotrans-
formations

le] : [P] - moFaigap = [Q] - ZoFaig(ap)

(e) : (P) - TpFalg((ay) = (Q) * TDFalg((A))-
Construction 3.12 (for Problem 3.11). We only discuss
[e] since {e) is defined similarly. Given a 1-type X and
¢ : A(X) — X, we define the function [e] : P(X) — Q(X) by
induction. The verification that this gives rise to a pseudo-
transformation can be found in the formalization. O

Definition 3.13. Let X be a signature. We use Examples 2.8
and 2.9 to define displayed bicategories over PreAlg(Z) and
PreAlge,,q(2).

DPathAlg(3) = l_[(i : J2), DFcell([(D)], [P (0)])

DPathAlg, (%) = 1_[(1' 0 J3), DFcell({I>(i)), (r*(i)))
We define PathAlg(X) and PathAlgGrpd(Z) to be the total
bicategories of DPathAlg(3) and DPathAlgg, () respec-
tively. Objects of PathAlg(X) and PathAlgGrpd(Z) are called
path algebras for X.

Problem 3.14. Suppose that we have a homotopy endpoint
h:Hir.a,.a,(51, 52). Given a 1-type X withc : A(X) — X and
P TIG : Dx = Qi(X)), li(x) = rj(x), to construct for each

Niels van der Weide

x : QX) and w : [a1](x) = [az](x) an equality [h](x, w) :
[s1](x) = [s2]x).

In addition, given a groupoid G together with a functor
¢ : (A)(G) — G and for each j : J a natural transformation
;) (G) = (rj)(G), to construct for each object x : {(Q)(G)
and morphism w : {a;)(G)(x) — (a2)(G)(x) a morphism
(MY (x, w) : {s1)(G)(x) = (s2)(GC)(x).

Construction 3.15 (for Problem 3.14). By induction. O

Definition 3.16. Let X be a HIT signature. We define Alg(X)
to be the full subbicategory of PathAlg(X) in which every
object X satisfies

[ 1636 - RECO)w = [a ) = [b]x)).
[p2]Ge, w) = [q2]Gx w)

In addition, we define Algg,4(2) to be the full subbicategory
of PathAlgg,,4(2) in which every object X satisfies

[0 56 RHX)w = (@) = W),
(P76, w) = (g7 (x, w)
Objects of Alg(X) and Algcrpd(Z) are called algebras for 3.

The bicategory Alg(X) is constructed by repeatedly using
Definition 2.6. By unpacking the definition, we see that an
algebra X : Alg(Z) consists of

e A l-type X;

e A function X : A(X) = X;

e For each j : J, and point x :
[[[j]](x) = [[rj]](x);

e Foreachj: ], x:R(X)and w: [a;](x) = [a2](x), a
homotopy h¥ : [p](x, w) = [q](x, w)

X(y) .
S;(X) a path p; (x) :

4 Induction and Biinitiality

The algebra structure only represents the introduction rule
and the next step is to define the elimination and computa-
tion rules for higher inductive types. Before we can formulate
these principles, we need to define dependent actions of poly-
nomials, path endpoints, and homotopy endpoints. All of
these constructions are done by induction and details can be
found in the literature [28, 35, 61].

Problem 4.1. Given a type X, a type family Y on X, and a
polynomial P, to construct a type family P(Y) on P(Y).

Problem 4.2. Given a type X, a type family Y on X, a poly-
nomial P, and a map f : [[(x : X), Y(x), to construct a map

P(f) : TT(x : P(X)), P(Y)(x),

Problem 4.3. Given a type X, a type family Y on X, an
endpoint e : E4(P, Q), and a map ¢ : A(X) — X, to construct
for each x : P(X) and y : P(Y)(x) an inhabitant [[e](y) :
0(Y)([e] ).
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Problem 4.4. Suppose, that we have polynomials A, P, Q, a
type X with a map cx : AXX) — X, and a type family Y
on X with a map cy : [[(x : X), A(Y)(x) = Y(cx(x)) and a
map f : [1(x : X), Y(x). Given an endpoint e : Eao(P, Q), to
construct an equality
[el(f) - Q(N)([e] (x)) = [e](P(f)(x)).

Problem 4.5. Let X be a signature. Let X be a type with a
function cx : A(X) — X and with for each j : ), and x : S(X)
a path px(j,x) : [IJ(x) = [r](x). In addition, suppose that
Y is a type family on X, that we have a function cy : [](x :
A(X)), A(Y)(x) = Y(cx(x)), and that for all j : Jp and points
x : S(X) and X : S(Y)(x), we have a path py : [1](¥) = o)
[F](x). Furthermore, let x : R andX : R(Y)(x) be points and let
w : [a](x) = [b](x) and W : [a] %) =, [b](¥) be paths. Then
for each homotopy endpoint h : Hy , 4, 4,(s1, $2), to construct

a path B
h(x, w) : [[§]](§) Zh(x,w) [[fﬂ(f)

With these notions in place, we define displayed algebras.
These represent the input of the elimination rule.

Definition 4.6. Given a signature ¥ and an algebra X for X,
a displayed algebra Y over X consists of
o A family Y of 1-types over X;
e For each x : A(X) a map ¥ LAY)(x) - Y(K(x));
e For each j : J,, x : Sj(X), and X : S_j(Y)(x), a path
P+ []® =, [F1G);
J [e—

e For each j : J,, points x : R(X) and x : R(Y)(x), and
a(x) = b(x) and w : [a]®) =,, [b]X%), a
_Y o
globe h; : p(x) = x

J

paths w :

() q(x) over hf (x, w).
Remark 4.7. The type family of a displayed algebra is re-
quired to be 1-truncated. This means that the HITs we con-
struct, can only be eliminated into 1-types, and as a conse-
quence, these HITs only have the right elimination principle
with respect to 1-types.

The output of the elimination rule and the computation
rules are given by a section to be defined in Definition 4.9
below. One might expect that, just like for the groupoid
quotient, the computation rules for the paths are given as
globes over some 2-path in the base (Definition 2.2). However,
this is not the case.

This is because there is a slight discrepancy between the
rules for the groupoid quotient and the HITs we discuss,
namely for the former the computation rules for the points
are definitional equalities while for the latter, these rules only
hold propositionally. This affects how we need to formulate
the computation rules for the paths.

Let us illustrate this via the torus (Example 3.5). The input
for the elimination rule consists, among others, of a type
family Y, a point b : Y(base), and a path p; : b b.

:loop1
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The elimination rule gives a map f : [[(x : 72), Y(x). By
the point computation rule, we have a propositional equal-
ity between f(base) and b. Now the computation rule for
loop; ought to equate apd f loop; and p;. However, such
an equation does not type check since apd f loop; has type
f(b) =loop, f(b) while p; has type b =loop, b. In conclusion,
we cannot formulate the computation rules the same way as
we did for the grorupoid quotient.

Our solution to this problem is to define a type of squares
over a given 2-path similarly to Definition 2.2.

Definition 4.8. Let X be a type and let Y be a type family
on X. Suppose that we are given points xy, x, : X and X7, X7’ :
Y(x1) and X3, %" : Y(x2), paths p,q : x; = x, together with
pathsp : X1 =, X;andq : X;" =; X" over p and q respectively.
If we also have two paths hy : X = X1’ and by : X; = X3’ and
a 2-path g : p = g, then we define the type of squares over

g from p to g with sides hy and h, by path induction.

Definition 4.9. Let X be an algebra for a given signature X
and let Y be a displayed algebra over X. Then a section of
Y consists of

e Amap f: [[(x:X),Y(x);
e For all x : A(X), an equality f(c*X(x)) = EY(K(f)(x));
e Forallj:J, and x : S(X), a square from apd f (pj.((x))

to p; (S(f)(x)) with sides [[](f)(x) and [F](f)(x).

Definition 4.10. Let X be a signature and let X be an al-
gebra for X. Then we say that X is a 1-truncated higher
inductive type for ¥ if each displayed algebra Y over X has
a section.

Often we just say that X is a HIT for ¥ instead of saying
that X is 1-truncated HIT. With this in place, we can check
whether our rules for higher inductive types agree for the
usual examples with the rules given in the literature [59].
We illustrate this with the torus (Example 3.5) and the set
truncation (Example 3.7). In the next example, we write p e g
for the concatenation of dependent paths.

Example 4.11 (Example 3.5 cont’d). Recall the signature
T2 for the torus. Let X be a HIT for 772. Since X is an algebra,
we have a point base : X, two paths loopy, loop; : base =
base, and a 2-path surf : loop; ® loop, = loop; e loop;. This
corresponds precisely to the usual introduction rules of the
torus.

A family Y of 1-types on X together with a point b :
Y(base), two paths [ : b =loop, bandr:b = ; b and a
globe h:ler=_ .reloversurf gives rise to a displayed
algebra over X. This corresponds to the usual input of the
elimination rule of the torus. If we have a section s of Y, then
in particular, we get a map f; : [1(x : X), Y(x). We also get
a path ps : f(base) = b, a square from apd f loop to [ and
one from apd f loop; to r. Both squares have sides p; and
ps. These are the computation rules for the points and paths
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of the torus. Note that since we are looking at 1-truncated
HITs, this only gives the 1-truncation of the torus.

Example 4.12 (Example 3.7 cont’d). Let A be a 1-type and
recall the signature ||A||. Now let X be a HIT on ||A||. Note
that an algebra for ||A|| consists of a type Z together with
amap A — Z and a proof that Z is a set. This means in
particular, that we have a map inc : A — X and a proof
trunc that X is a set.

A family Y of sets on X together with a map i : [](a :
A), Y(inc(A)) give rise to a displayed algebra over X. A sec-
tion s of that displayed algebra consists of a map fs : [](x :
X), Y(x) such that f;(inc(a)) = i(a) for all a : A. This corre-
sponds to the usual elimination and computation rules for
the set truncation.

To verify that an algebra satisfies the elimination rule, we
use initial algebra semantics [35]. However, this technique
is usually applied in a categorical setting and it uses initial
objects in categories. Since we work in a bicategorical set-
ting, we need to use the corresponding notion in bicategory
theory: biinitiality.

Definition 4.13. Let B be a bicategory and let x be an object
in B. Then we say x is biinitial if

e For each object y there is a 1-cell x — y;
e Given 1-cells f,g : x — y, there is a 2-cell f = g;
e Given 2-cells 6,0" : f = g, there is an equality 0 = 0"

Briefly, an object x is biinitial if for each y there is 1-cell
from x to y, which is unique up to a unique 2-cell. Now we
can formulate initial algebra semantics for our signatures.

Proposition 4.14. Let X be a signature and let X be an alge-
bra for%. Then
e If X is a I-truncated HIT for 3, then X is biinitial in
Alg(2).
o [fX is biinitial, then X is a 1-truncated HIT for 3.

One consequence of initial algebra semantics, is that HITs
are unique up to equality if the univalence axiom holds. This
result is a consequence of the fact that the bicategory of
algebras is univalent. Recall that a bicategory is univalent
if equality between objects X and Y is equivalent to adjoint
equivalences between X and Y and equality of 1-cells f and g
is equivalent to invertible 2-cells between f and g [2]. Using
the methods employed by Ahrens et al. one can show that
the bicategory of algebras is univalent. Since biinitial objects
are unique up to adjoint equivalence, one can conclude that
HITs are unique up to equality.

Proposition 4.15. Let X be a signature and let H; and H,
are HITs for . Denote the underlying algebras of Hy and H,
by X1 and X,. Then X; = X,.

5 Lifting the Groupoid Quotient

To construct higher inductive types, we use Proposition 4.14,
which says that binitial objects satisfy the induction principle.
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We use the groupoid quotient to acquire the desired alge-
bra. More specifically, we construct a pseudofunctor from
Alggrpd(2) to Alg(S), which is the groupoid quotient on the
carrier. We do that in such a way that the obtained pseudo-
functor preserves biinitiality, so that we obtain the HIT by
constructing a biinitial object in Algg,,4(2).

One class of pseudofunctors which preserve biinitial ob-
jects, are left biadjoints. Let us state that more precisely, so
suppose that we have bicategories B and C, a left biadjoint
pseudofunctor L : Pseudo(B, C), and an object x : B. Then
the object L(x) is biinitial if x is.

Instead of just lifting the groupoid quotient to the level of
algebras, we first show that the groupoid quotient is a left
biadjoint and then we lift that biadjunction to the level of
algebras. To do so, we use the fact we defined the bicategory
of algebras via displayed bicategories. This way we can define
the biadjunction on each part of the structure separately.

More specifically, we define the notion of displayed biad-
Jjunction between two displayed bicategories over a biadjunc-
tion in the base, and we show that each displayed biadjunc-
tion gives rise to a total biadjunction between the total bicat-
egories. Defining displayed biadjunctions requires defining
displayed analogues of pseudofunctors, pseudotransforma-
tions, and invertible modification, which were defined by
Ahrens et al. [2]. For this, we make use of displayed invertible
2-cells [2].

Definition 5.1. Let D; and D, be displayed bicategories
over B; and B, respectively and let F : Pseudo(B1, By) be a
pseudofunctor. Then a displayed pseudofunctor F from
D, to D, over F consist of
e For each x : By amap Fy : Dy(x) — Dy(F(x));
e For all 1-cells f : x — y, objects X : Dy(x) and ¥ :
D1(y), and displayed 1-cells f : ¥ i) y, a displayed
= A T = FO = _
1-cell F1(f) : Fo(x) — Fo(y);
e For all 2- cells 0: f = g, displayed 1-cells f : =5 57
— 0
andg : x ER 7, and displayed 2-cells 6 : f = 7, a
— — — — FO) —
displayed 2-cell Fy(8) : F1(f) =2 Fy(g);
e For each x : B and X : D(x), a displayed invertible
2-cell Fy(®) - iy (Fo()) —> F(idy ()
e Forall f: X i) yandg:y Lza displayed invertible
Fe(f.9)
2-cell F(f,9) : F1(f) - F1i(§) —— F1(f - 9.

Here F; and F, denote the identitor and compositor of F. In
addition, several coherencies, which can be found in the for-
malization, need to be hold. We denote the type of displayed

pseudofunctors from D; to D, over F by D; — Ds.
Definition 5.2. Let D; and D, be displayed bicategories
over B; and B, respectively. Suppose that we have displayed

— — G
pseudofunctors F : D, i D, and G : D; — Dy and a
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pseudotransformation 0 : F = G. Then a displayed pseu-
dotransformation 6 from F to G over 6 consists of

e For all objects x : B and x : D{(x) a displayed 1-cell
81(0): Fol®) —> Gol®);

e Forall 1-cells f : x — yand f : X L y a displayed

invertible 2-cell 65(f) : 0,(%)-F1(f) R Gi(f)-6:(¥).

Again several coherencies must be satisfied and the precise

formulation can be found in the formalization. The type
of displayed pseudotransformatons from F to G over 6 is

—_ 0 —
denoted by F= G.

Definition 5.3. Suppose that we have displayed bicate-
gories D; and D, over By and By, displayed pseudofunctors F
and G from D4 to D, over F and G respectively, and displayed

pseudotransformations 6 and 0" from F to G over 0 and ¢’
respectively. In addition, let m be an invertible modification
from 6 to 0’. Then a displayed invertible modification m

from 0 to 8 over m consists of a displayed invertible 2-cell

my (%) : 6(%) g 5/(5) for each x : B; and X : D{(x), In addi-
tion, a coherency must be satisfied, which can be found in the
formalization. The type of displayed invertible modifications

from 0 to 0 over m is denoted by 6 == 0.
Each of these gadgets has a total version.

Problem 5.4. We have
1. Given a displayed pseudofunctor F : D, 5 D, to con-
structapseudofunctorﬁ: Pseudo(/Dl,ng);

— _ 0 —

2. Given a displayed pseudotransformation 6 : F= G, to
construct a pseudotransformation /5 : ﬁ = /E;

3. Given a displayed invertible modification m : 0270,
to construct an invertible modificaton fﬁ : /5 = /5’.

Construction 5.5 (for Problem 5.4). By pairing. O

Before we can define displayed biadjunctions, we need
several operations on the displayed gadgets we introduced.

Example 5.6. We have the following

e We have id(D) : D L D where id(B) is the identity;

e Given F : D; i> D, and G : D, g D3, we have
F-G:D i D; where F - G is the composition;

e Given F : D, iR D,, we have id;(F) : F g F where
id;(F) is the identity transformation on F;

e Given 0 : I?g Gandg/ : G i,:> ﬁ,wehavegogl :
F ﬂ H where 0 ¢ 0’ is the composition;

e Given F : D; i D,,G:D, i Ds;, H:D, i D3, and
0:G=>H wehave F<18:F-G—5F-H,
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-Givenf D, 5D,G:D S D, H: DziD3,and
0: F=>G wehave > H: F- ELH)E H

F
e Given F : D; — D, we have

_ 21— _ _
1:idFSF, p:F-id>F

— F
e Given F : D; — D, we have

1

-1 - A —Pil— .

A1 F=id-F, p'!:F=F-id;
e Given F: Dy 55 Dy, G: Dy <5 Dy, and H : Ds -5 Dy,
we have

a:(F-G)-H=>TF-(G-H),

. F.G -0 (F-G)-H

Definition 5.7. Suppose we have bicategories B; and B,
and a biadjunction L 4 R from B; to B;. We write n and €
for the unit and counit of L - R respectively, and we write 7;
and 7, for the left and right triangle respectively. Suppose,
that we also have displayed bicategories D; and D; over
B; and B, respectively and a displayed pseudofunctor L :

D, 5 D,. Then we say L is a displayed left biadjoint
pseudofunctor if we have

e A displayed pseudofunctors R : D, L Dy;
e Displayed pseudotransformations

ﬁ:idéz‘ﬁ, E§Z=E> id;
e Displayed invertible modifications

ZE p‘IOEQﬁoaOEDZoAéidl(E),

T: Alef>RealeR<Eep—=id(R).

From Construction 5.5, we get

Proposition 5.8. Given a displayed left biadjoint pseudo-
functor L, then /f is a left biadjoint pseudofunctor.

Now let us use the introduced notions to construct the
biadjunction on the level of algebras. Our approach is sum-
marized in Figure 4. We start by showing that the groupoid
quotient gives rise to a biadjunction.

Problem 5.9. To construct GQuot 4 PathGrpd with a pseud-
ofunctor GQuot : Pseudo(Grpd, 1-Type).

Construction 5.10 (for Problem 5.9). We only show how
the involved pseudofunctors are defined. The pseudofunctor
GQuot is the groupoid quotient while PathGrpd sends a 1-
type X to the groupoid whose objects are points of X and
morphisms from x to y are paths x = y. O

Next we lift it to the level of algebras using the displayed
machinery introduced in this section.
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PathGrpd

—_—
Alg(Z) - T - AIgGrpd(Z)
GQUOtA|g

PathGrdeathAlg

PathAlg(X) T

GQuotpythalg

PathAlgg,,4(2)

PathGrpdpyealq
—_—
g ™ °
GQuotpyelg

PreA PreAlge,pq ()

PathGrpd

Lype T 2 Grpd
GQuot

Figure 4. The biadjunction

Problem 5.11. Given a signature 3, to construct a biadjunc-
tion GQuotajg 4 PathGrpd,;, where

GQuotayg : Pseudo(AlgGrpd(Z),Alg(Z)).

Construction 5.12 (for Problem 5.11). We only give a very
brief outline of the construction.

We start by constructing a displayed biadjunction from
DFalg({A*)) to DFalg([A*]) over the biadjunction from Con-
struction 5.10. To do so, we first need to lift the pseudofunc-
tors, and for that, we generalize the approach of Hermida
and Jacobs to the bicategorical setting [35, Theorem 2.14].
This requires us to construct two pseudotransformations.

p1: [P] - GQuot = GQuot - (P),
P2+ (P) - PathGrpd = PathGrpd - [P].
We denote the total biadjunction of the resulting displayed
biadjunction by GQuotp,ealg 4 PathGrpdp, -

Next we lift the biadjunction to the level of path algebras
and for that, we construct a displayed biadjunction between
DFcell({I*(i)), (r*(i))) and DFcell([I*(i)], [r*())] for all j : J,.
Denote the resulting total biadjunction by GQuotp,nalg
PathGrpdp,palg-

To finish the proof, we need to construct one more dis-
played biadjunction. For that, we only need to show that if
G : PathAlgg,,(2) is an algebra, then GQuotp,aig(G) also
is an algebra, and if X : PathAlg(Z) is an algebra, then so is
PathGrpdp,haje(X). ]

The next proposition concludes this section.
Proposition 5.13. If G is an biinitial object in Algg,,4(2),
then GQuota,(G) is a biinitial object in Alg(%).

6 HIT Existence

From Theorem 4.14 we know that initiality implies the induc-
tion principle. Hence, it suffices to construct a biinitial object
in the bicategory of algebras in 1-types. By Proposition 5.13,

Niels van der Weide

it suffices to construct a biinitial object in Algg,,4(2). To do
so, we adapt the semantics by Dybjer and Moeneclaey to our
setting [28].

Problem 6.1. Given a signature ¥, to construct a biinitial
object G in Algg,pq (2).

Construction 6.2 (for Problem 6.1). We only discuss how
the carrier G of G is defined.

o Note that each polynomial P gives rise to a container
P. Note that each container induces a W-type [1], and
we define the type of objects of G to be the W-type
induced by A. Denote this type by Gj.

The morphisms of G are constructed as a set quotient.
We first define for each x,y : Gy a type x ~ y and for
each x,y: Gy and f,g : x ~ y, we define a type f ~ g.
Both of these are defined as an inductive type and for
the constructors, we refer the reader to the formal-
ization. Basically, the constructors for these types are
chosen in such a way that the groupoid being defined
here, has the desired structure. This means we add con-
structors witnessing the path constructors, identity,

composition, and all other laws. We use the same idea
to define f = g.

Note that the input of the quotient is an equivalence
relation, which are valued in propositions. For this
reason, we define f* ~, g to be the propositional trun-
cation of f =~ g All in all, we define the morphisms
from x to y to be the set quotient of x ~ y by =,. O

Problem 6.3. Each signature has a HIT.

Construction 6.4 (for Problem 6.3). By Propositions 4.14
and 5.13, it suffices to find a biinitial object in Algg,4(Z).
The desired object is given in Construction 6.2. O

7 Conclusion and Further Work

We showed how to construct finitary 1-truncated higher
inductive types using the propositional truncation, quotient,
and the groupoid quotient. This reduces the existence of a
general class of HITs to simpler ones. We needed the types
to be 1-truncated, so that we could use the framework of
bicategory theory, and the HITs we studied had to be finitary
to guarantee that the groupoid quotient commutes with the
involved operations [23]. On the way, we also proved that
HITs are unique.

There are numerous ways to improve on this result. First
of all, the bicategory of algebras in 1-types can be studied in
more detail. For example, it should have products, inserters
and equifiers [55]. In addition, using the fact that we have
higher inductive types, we should be able to show that this
bicategory also has coproducts, co-inserters, and co-equifiers.
Furthermore, to connect our approach to algebra in bicate-
gories with established approaches, one should show that
the underlying functor from Alg(Z) to 1-Type has a left bi-
adjoint, which gives rise to a monad on 1-Type [19, 44]. The
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biadjunction could be constructed using higher inductive

types.

Second of all, one would like to get rid of the truncation
level. Since untruncated types correspond to co-groupoids,
generalizing the methods used in this paper to the untrun-
cated case, requires formalizing notions from co-category
theory in type theory [9, 21, 30]. This also requires finding an
co-dimensional generalization of the groupoid quotient. An
alternative approach to deal with untruncated HITs, pointed
out by Ali Caglayan, would be using wild categories [36, 43].

Lastly, it should be possible to take advantage of the way
we constructed HITs to say something about the path space.
One can show with the encode-decode method that the
type gel(x) = gcl(y) is equivalent to G(x, y). By inspect-
ing Construction 6.4, we see that HITs are constructed as
the groupoid quotient of the groupoid G constructed in Con-
struction 6.2 where we also proved a universal property for
G. For concrete examples, such as the circle, one might be
able to make use of this universal property to deduce a map-
ping principle for bases: = baseg:, which could be used to
show that 7;(S?) is the integers [49].
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