Logical Verification
Guest Lecture: Inductive Types

Niels van der Weide
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Inductive Types

» Inductive types are a key feature in proof assistants, and
important for building data types

» They generalize algebraic data types: natural numbers, lists,
trees

» They are also useful in mathematics: transitive closure, free
monoid, free group, being even/odd
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Example: natural numbers

inductive ﬂ\l .'-[gpa where
|Z:N
1§ N=N



Recursive Functions

We use pattern matching and recursion to define functions on
inductive types.

def Sact :N—N
£ =/

1Sn= (1) Fact n
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Example: lists

inductive |ist ((x '.-L_Hpe)f_EHPQ where
il List oc

| cons o — listocs ict o
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Example: vectors

nductive Vec (D& "‘L_liPe)-' N%—EHP"- where
'ni/: Ve o 0
[cons ¥ (nIN). o= vec ocn = vec o (ne)
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Features of Inductive Types

We desire the following of inductive types

» We specify them by giving parameters, indices, and
constructors

» One can do pattern matching on inductive types

» There should be many examples: natural numbers, lists,
vectors, ...
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This Lecture

Goal of this lecture
» A scheme for inductive types
> Examples of inductive types
» The elimination rule for inductive types
P> Recent work on inductive types

The material of this lecture is based on “Inductive families” by
Peter Dybjer?

"https://dl.acm.org/doi/10.1007/BF01211308
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https://dl.acm.org/doi/10.1007/BF01211308

Outline

Scheme for Inductive Types

Rules for Inductive Types

Extensions

Conclusion
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Outline

Scheme for Inductive Types
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Schemes for Inductive Types

Inductive types are specified by the following ingredients:

> Parameters: arguments of the inductive type that are
uniform over the constructors
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Schemes for Inductive Types

Inductive types are specified by the following ingredients:

> Parameters: arguments of the inductive type that are
uniform over the constructors

» Indices: arguments of the inductive type that can vary over
the constructors

» Constructors: determined by their recursive and
non-recursive premises
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Recall: vectors

indchcive Vec (O( '._L_Hpe).' IN—%—[HPQ_ (_J"\gre
lml; Vee o 0
|cong ¥ (0N ox= vec o n = vec o (n+1)
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Schemes for Inductive Types

inductive T (rx,:A.)...((xn: An):B,?. *Bmﬁtgpe where

| i:ntroL: v
(CJ‘ : KJ)

(fK (X':E')”’(Xl,"él,() : TOQ, . Xn p,,.A|>m>

To<,u.o<“ 9
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Schemes for Inductive Types

parameters

nduckive | (m,:A.)...(mn: An)f Bﬁ... ‘*Bm%—[gpe_ where

| i:ntro-tz v
oy
(;fK (x,:{,)...(xekzéll() e, o, P,-~Pm>

Tcx,.._o(n 9 G
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Schemes for Inductive Types

indices

inductive T (Oﬁ, : A.)...((xn: An) X Bl?,, éBm%—[gpe where

| i:ntrot: v
(CJ‘ : KJ)

(fK (X,:{,)..,(X(kiéll() . —[—OQ, . Xp p,,,_pm)

Too o q.q
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Schemes for Inductive Types

nduckive | ((x, : A.)...((xn: An) : B'—’,_, *Bmﬁtgpe where

| intro,: V'
constructors

o) ) T o )

TO(P.(X,\ 9 - 9m
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Schemes for Inductive Types

nduckive | ((X, :A. ).4.((><n: An) : B,_?.A eBm%‘EgPe where

| ihtrq: v

NoNfecursive premises
oy

()‘K (x,:{,)...(xlktélK) e, o P,---Pm)

Too o
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Schemes for Inductive Types

nductive | (rx,:A.)...(cxnz An): B,‘?A. *Bm‘;[gpe where

| i:ntro-L: v
(C\IKJ\)

recursive premises

(ﬁ( (X':é')"'&l,:él,() 5 TOQ, -.BXn P,-v-Pm)

)
TO(,...D(,\ d--Gm
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Schemes for Inductive Types

Constructors are of the shape

0 [
... &G = =2 —=>Tar ... appr
—Tai...anq1 ... gm

e Pm) = ..
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Schemes for Inductive Types

inductive T (o< ;A,) ((Xni An) : B,“’,,, "Bm‘;[gpe whzre

|

| i:ntro-tz v
(CJ‘ : KJ)

.
.

(‘;‘K (x,:{,)...(xlk:élK) oo Pl,”pm>
TO(,.,.D(,\ d--Gm
conduston
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Schemes for Inductive Types

parameters indices

inductive | ((X,:A.)...((xn: An):B,—’...*Bm"—[gpe where

lintro,: ¥/

constructors (CJ 1 KJ)

recursive premises

(;EK (x,:{,),.‘(xlk:élk) e, o P/--~Pm)

NoNrecursive. premises

‘)
To<,“.o<,\ 9. Gm
condusion

13/50



Schemes for Inductive Types

The indices are terms using previously introduced variables

nduckive | (oa,:A.)...((xn: An).’ B,?, _)Bmﬁtgpe_ where

| intro;: ¥

(GJKJ)/\
TN

5, (7).

Too o4 a
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Schemes for Inductive Types

The indices are terms using previously introduced variables

nductive | (o<, :A.)...((Xni An):B,_)..._}Bm_:'—EHPE where

| i:ntro-tz v
(CJ : KJ)

()CK (X,:{,)...(Xlkiélk) : TOQ, . Xp p,.,_pm)

‘)
T<><,.,.o<h q,-9m
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The Natural Numbers

inductive N I‘[gpe where
|Z:N
|5 N—=N



The Natural Numbers

NoO parameters or indices
induckive N :Igpe where
|Z:N
|5 - N=N
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The Natural Numbers

inductive N I—Egpe where
| Z .\ 1o premises
IS N—N



The Natural Numbers

inductive N Itgpe where
|Z:N
| S:N—-N

L only a recursive premise
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Lists

inductive |ist (o ?—L-HP"'): Igpe where
il ist oc

,cons: X = Iisto(—’/IKtoc
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Lists

one parameter, no indices
inductive |ist (o :_L_Hpe).'_[gjpe where
I nil: list o

| cons: o — listocs ict o
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Lists

inductive list (O( :—[,_Hpe}I ‘[gpe where
il list oc

| cons: o = listoc fist ¢
Ohe nonrecursive
and one recursiye premise
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Vectors

indudcive vec (O( :‘L_Hpe): N%—Egpq_ wkzre
lm/: Vec o 0
[cons: ¥ (nIN). ox=> vec x n = vec o (n+1)
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Vectors

one parameter and index
inductive VeC = '._L-gpe).' ’N%‘[gpe where
Inil: vec o 0
|cons: ¥ (nIN).x= vec o n = vec o (i
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Vectors

inductive Vec (cx IHpe).' ’N‘*—Egpe where
Inil: vec o 0

|cons: ¥ (nIN). x> vec o n ~ vec o (n+)
Two nonrecursive premises
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Vectors

inductive Vec (D( Z—[_Hpe).' N%—EHPQ where
]ﬂi/: Ve x 0
|cons: ¥ (nIN).ox= vec o n — vec o (n+)

ONe recurstve premise
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Vectors

inductive vec (O( :-L_sz)f [N-%-EHPQ where
]nﬂ: Vec o 0
lcons ¥ (nIN).ox=>vec o n > vec o« (n1)
F:\\\\‘_____‘_______—__—__-_—____________,,,f/

depends on
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Binary Trees

inductive tree (O( 11_Hpe) : _[gpe where
‘ lea - tree o

| node: X =tree oc—tree x—>tree ox
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Binary Trees

one parameter, no tndices
inductive tree (cx ZI:L!pe) X ‘Egpe where
| lea¥ : tree o

' ﬂOdeiO< —tree oc—tree ax=>tree ox
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Binary Trees

inductive tree (o< ‘._[-Hpe) : _[gpe_ where
l leal - tree o

| ﬂOdei(X —>tree oc—tree x—>tree ox

one nonrecursive and two recursive premises
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Countably Branching Trees

inductive treew (fx '._L_Hpe) : -Egpe where
| lea} tree., o

, node: (Nﬁtrzew m)*treewoc
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Countably Branching Trees

One parameter
inductive Jcreew (fx :I-Hpe) : ‘Egpe wl'\ere
| lea} tree., o

‘ node: ( N"tl’@em x ) —treeq, X
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Countably Branching Trees

inductive treew (o< ‘.—L—Hpe) : _Eype where
f ,ea}:treew 0%

I ﬂOde: ( Nﬁtreew x ) —tree , X
oNe recurse premise
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And there are many more examples

Height indexed trees

AVL trees

Equality (the least reflexive relation)
The transitive closure of a relation
Wellfounded trees (aka W-types)

vVvYvyyVvyy
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Outline

Rules for Inductive Types
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Rules for Data Types

Data types are specified by four kinds of rules
» Formation rules: how to form that type
» Introduction rules: how to construct inhabitants of that
type
» Elimination rules: how to construct functions from that type

» Computation rules: computational behavior of the
elimination rule
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Rules for Data Types

Data types are specified by four kinds of rules
» Formation rules: how to form that type
» Introduction rules: how to construct inhabitants of that
type
» Elimination rules: how to construct functions from that type
» Computation rules: computational behavior of the
elimination rule

Since inductive types are specified by their formation and
introduction rules, the challenge lies in deriving the elimination and
computation rules.
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Formation Rule

X, : A, Oy /A\n bR bmem
T oo b, b ype
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Introduction Rules

G- 6J) J[ \7) é §«)' TO(,..,rxh PP ..

In{rOc.”

AIER Fe :Ttx, Oy G,y
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Elimination Rules for Inductive Types

» The elimination rule says how to make functions from some
inductive type

> They generalize recursive functions and proofs by induction
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Elimination Rules for Inductive Types

» The elimination rule says how to make functions from some
inductive type

> They generalize recursive functions and proofs by induction

> However, we specify inductive types via their formation and
introduction rules

» So: we need to derive the elimination rule from their
description

24/50



Elimination Rules for Inductive Types

» The elimination rule says how to make functions from some
inductive type

> They generalize recursive functions and proofs by induction

> However, we specify inductive types via their formation and
introduction rules

» So: we need to derive the elimination rule from their
description

» Main idea: functions are specified by what they do on each
constructor

Note: the elimination rule can be derived systematically
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Example: Elimination for Natural Numbers

elim Vn:IND P
Wz:éz
dim (Sn)= 6, n ldimn)
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Example: Elimination for Natural Numbers

Lm v PN%TEHW
§

z

(
(
i ( N (H-Pr), P{Sn))
(1

N,
P



Example: Elimination for Vectors

elim -V [oc - Lypel [nN) (x: vecox n) P n

eUm 0 nil = 6nil

QEH (ml) (cor\g | iji § XS (eum XS]

cons
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Example: Elimination for Vectors

elum: ¥ (o Tipe)
(P VN vee o =Ty
( nl: POm)
(f: ¥ (1 o )xs: vecsn)(H ans),
P(ml\ Com n xxs))
(n:N)

()(: Vec o n )

Pﬂx
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Derivation of the Elimination Rule

dim: Vi A) o A,)

27/50



Derivation of the Elimination Rule

dim: Vi, A [y A,)
(P.’ V(b,:ﬁ,)...(bm:lsm), Trx,_..oq, B,.‘.Lm—asze)
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Derivation of the Elimination Rule

dim Vi A [y A,)
(P V(b,ﬁ,)(bmlsm) Tu,“.o(,, E,...Bm—é_[gpe)

('5_



Derivation of the Elimination Rule

dim: Vi A g A,)
(P V(b,ﬁ,)(bm,sm) fo,.ﬁ(,, E,...Lm-a_[gpe)

(Y )



Derivation of the Elimination Rule

dim Vi A [ A,
(P V(b,:lg,).“(bm:r)m). Trx,_._rx,, B,W.LM—Jgpe)
(]LK : V(X,: é')'"(xl{'é‘l{x)f To(,... Ly P, .,.pn) o

)



Derivation of the Elimination Rule

dim Vo A A,
(P V(b,‘%,)(bm[sm) T(x,,,.oq, l),u.l)mé_[ljpe)

(.JL:V (cJ 55)
(]L VXE é‘To“’(PPn)

X{ x(Ki Pp Pm}x X,))
)
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Derivation of the Elimination Rule

dim Vi A [y A,
{Pf V(}D,ﬁ,) (bmlsm) Trx,..,rx,, E,...Lm—é—[ljpe)

e Y0 L) G ), T )

(HK .\%(x,{,)...(x(,@&), P g Uy x,A..x,K)).
Pq,._.qm {/'niroi G (}K X, .. XIK)"') )
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Derivation of the Elimination Rule

dim: Vil A g A,)
(P V(b,ﬁ,) (bmlsm) Ttx,,..o(,, IJ,.A.LmﬁIgpe)

GK :V(x,: g,)...(x&:{f‘(), To(,..ﬁ(n P ---Pn) e

(HK :V(x,:§, )"'LXQ‘@&)' Pp,,‘. Pm (}K x,...le”.
Pq‘_._qm (in{roL G (}K X, .. x!K)...) )

b,:p.)... (b B,)

27/50



Derivation of the Elimination Rule

dim Vil Al A,)
(P V(b,[i,)(bmlsm) Ttx,...th E,A,,l)me—[«jpe)

oYy
(VD) G ) T an )

(HK .V(x.:g)-u(x&é&), Py, o S x,...x,K)).

Pq,.“qm {iniroi G (}K X,.. XI,()'“) )

b,:p).. (b B,
(x: Tot, oty by by ),
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Derivation of the Elimination Rule
dim Vi A g A,)
(P V(b,ﬁ,) (bmlgm) T(x,_..o(,, B,A..Lme—[gpe)

(](K Y. {,J...(x&:g,,‘(), To, oty p, ._‘pn) .

(HK :\/(x,:§,)»,.(x¢:§1(>, Pp,.“ Pm (}K x,“.le)).

Pq,.“qm {mtroi G (}K x,l..xlk)...) )

(b, B,) (b Bm)
(Xi sz,... o E,Em)
Pb,,,.bm X
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Computation Rules

Write elim  For elimo o " 6 p b

eﬂm (m{roi G (}K X . x&/)...)
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Computation Rules

Ur}{e m \S—olf‘ e Lm O, ..., P E,P,PM
ehm (intro; ...c } X,. x!) )

oo o }KX"“)‘!K)‘ Ug Y@ elim }X x,) )
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Recall: The Natural Numbers

inductive N I‘[gpe where
|Z:N
|5 N—=N



Elimination for the Natural Numbers

dim Vi A) b A,)
(P.’ \/(b,\g,) (bm'sm) T(x,...tx,, E,...l)m—)l[ﬂpe)



Elimination for the Natural Numbers

Q{tmf V (P N —9—[5”)2)



Elimination for the Natural Numbers

e((m: V (PfN—-)THPe)
(52: \7’ (CJKJ)
(JLK : V(X.:g,)..,(x&f&), Ttx,.., &, P, ‘_,pn) o

(HK :V(x,{)-u(x&‘g&), Pop (5, x,...x,K))...

Pq,...qm (/nfroi c\](}/ X, X )))
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Elimination for the Natural Numbers

elim: ¥ (PIN ST

(5, ¥
( X { (XI é; 11& KB, Pn)
X § X@i PP - Pm } LR ))
Pq g lintro; (4% % ). )
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Elimination for the Natural Numbers

elim: V (P N —aI%H)e)
{5? : Pq,...qm {miroi e (}/ X X )))

30/50



Elimination for the Natural Numbers

ehm: \/ (P “\l —-)thpe)
(6. P 2)



Elimination for the Natural Numbers

e[tm: \V/ (P N ATW)
(f,. P 2)

(55:\/ g ggj)
( V-G (g, L), Toestopa)

ACRIN i P g Ui xl”
Pq gy lintro, }x x,) )
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Elimination for the Natural Numbers

elim: ¥/ (P:IN 5T,,.)
(£, P 2)
(s, Y
( xg(xla Toc «ppn)

Xg § Pp pm§x x,”...

Pq Im miro }x XI) ))
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Elimination for the Natural Numbers

elim ¥ (P-IN 5T,,0)
(f, P 2)
(s, ¥

S

(5 Y] G T ) T )

(HK ;V(x,:{l)..,(x@é&), Pp pm(},( x,...x,K)).,,

Pq,._.qm (/nfroi G (}/ X )..) )
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Elimination for the Natural Numbers

elim: V (P “\l “’THPE)
(s, P 2)

(55:V(h:’7\“

B YO E) b )P Bnn ).

Pq,_“qm (mirq e (}/ X X )))
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Elimination for the Natural Numbers

elim: V (P “\J e-[gpe)
(s, P 2)

(XS:V(Y\ l?\/)

060 i ) P i)
Pq,_“qm {m{roi CJ(}/ X X )))
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Elimination for the Natural Numbers

elim: Y (P-IN5T,0)
(=

(JSJV(I’\ N)

(H - Py, b S x,_..x,K))
Pq,_..qm (iniroi CJ(}/ X X )))
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Elimination for the Natural Numbers

elim: ¥ (P-IN 5T,.)
(1, P 2)

z

(5 :\/(n:N)

S

(H P (, x,..le))
Pq,...qm (miroi e (}/ X X ). )
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Elimination for the Natural Numbers

ehm: V (P II\J —Jgpe)
(.. P 2)

z

(55:\7/ (h N)(HPH)

Pq,...qm (intro, e (}/ X X )..) )



Elimination for the Natural Numbers

elum: Y/ (PN 5T
i, P 2)

(5, ¥ (0 ) (H Py

P {I'Hfroi

C\'}..,...(}/ X, . x!)”



Elimination for the Natural Numbers

elim: Y/ (PN 5T
(i, b 2)

(1, ¥ 0 N (H Py

P (/ntroi (}/ X,. xf)))



Elimination for the Natural Numbers

eltm: \/ (P “\J e@pe)
(i, P 2)

(XS:V (h N)(Hpn) P(Sn))



Elimination for the Natural Numbers

ehm:v (PN—)—[W
6, b
( (n N (H-Pa) P(Sn))

(.. }3) (N
(X. Ttx,...o(hE__,E )
Pb,...bmx



Elimination for the Natural Numbers

elim: Y/ (P: Naﬂjpe)
(i,: P 2)

(6% (n - N) (H-Pa). P(Sn))

S

(Xi TtX,A,. Xp )
P



Elimination for the Natural Numbers

elim: V (P “\J "TW)
(5,.P2)

s,V (n N)(HPo) P(S))

S

(X: T )
P X



Elimination for the Natural Numbers

Lm v PN%TEHW
§

z

(
(
i ( N (H-Pr), P{Sn))
(1

N,
P



Elimination for the Natural Numbers

WZ‘— CSZ

dim (Sn)= 6, n lelim n]

30/50



Recall: Lists

inductive |ist (o ?—L-HP"'): Igpe where
il ist oc

,cons: X = Iisto(—’/IKtoc
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Elimination for Lists

dim Vi A) b A,)
(P.’ \/(b,\g,) (bmlsm) T(x,...tx,, E,...l)m—)ﬂjpe)



Elimination for Lists

elim: ¥/ (o Type)
(P,‘ list. o ATHPQ)



Elimination for Lists

elim: ¥ (o Lype)
(Pj list o —9—[5“)2)

(gn.'l : Pnjl)



Elimination for Lists

dim: (e Ty

(P-list. o »Tpe)
(01 Pm)
(5 o cJ ng
(5 Y { (xIK:QK),To«,..,o(np,..,pn)...
Y mtmmpﬂmmm
Pq ay lintro; . } X,. x,) J)
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Elimination for Lists

elim: ¥/ (i Type)
(P l!St = o)
(51 )
(s
(.‘r Yl L)l §)To<,_..o<hp,._.p,,)..,

L, Y, m ) P ).

Pq gy lintro; }x Xr) )
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Elimination for Lists

dim: ¥ Ty
P list o —)Tgpe)

(
(nl Pml)
...
( LSRN

V(x. §

Pq Im mtro e

é‘ TD( LK P, Pn)

b &) P (5 xw )

L xy) )
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Elimination for Lists

Lm \/( IHP )
(P list. o —aTHpe)
(s

n| Pm)
(5. ¥ ([ o)
()L Y, {(xié‘l list )
(H Y §)( &) P ),
Pq g lintro, Ay ) )



Elimination for Lists

elim: \/ [HP)

(«

(P ‘lstcxasze

(50 Pil)

(o ¥ (o) m)( P
Pq . mfro }x XI) ))



Elimination for Lists

elim: V( [3p)
(P ‘lst o a—[gpe)
(5,

il
(5 Sv X OC)(XS ‘lsjcoc)(H fpxs).
P

(cons x xs))



Elimination for Lists

elum: V( I&fp)

(P (rst(xargpe
(£ Pn.)
(5.8 O o) lus: list o) (H P vs ),
P(CO!’\S X XS))
(B,:B.)A..(bmiﬁm)
(v Tlx,.“ Xp E,Em)
Pb,“.bmx



Elimination for Lists

elim: \/(OK Iﬁp)
(P llst(xe-[gpe)
(.- Pril)
(Y (x o)lxs st o) (H P s,
P(consxm))

(1 list o ),
P x



Elimination for Lists

elimnil = §,|

dt_m(cons xs\ié XS (eh_mxs]

cons
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Recall: Vectors

indudcive vec (O( :‘L_Hpe): N%—Egpq_ wkzre
lm/: Vec o 0
[cons: ¥ (nIN). ox=> vec x n = vec o (n+1)
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Elimination for Vectors

dim Vi A) b A,)
(P.’ \/(b,\g,) (bm'sm) T(x,...tx,, E,...l)m—)l[ﬂpe)



Elimination for Vectors

elim: ¥ Type)
(Pf V(ﬂN) ,VeC o N —9—[34)2)



Elimination for Vectors

elim: ¥ (a Type)
(P- YN vee o "THP?)
(fgnjl : PO ﬂil)



Elimination for Vectors

elum: ¥/ (0 Tipe)
(P VH N Ve o n —Jgpe)
(n| POm”
(o ¥ cJ ng
(Y é G B, Toestonap)

(1, Yy g)( ) P pnlionn).

Pq I m’cro }X ){!) ))
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Elimination for Vectors

elum: ¥/ (i Tope)
(PVHN Ve o n *THP")
(Jn] POHJ)
(i ¥ (1 )x<><)
(_ff WMo E) (e B, T

(H, Y §J {x é) Po o o))

Pq 4y lintrs; S )‘1) )
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Elimination for Vectors

elim: V(O( [HP)
(PVHN VZC(XH—)TEH)@)
(Jnl POmJ
(fon ¥ (0 N ) (x )

(xs. Vecoan)

Yoy m 2 Pl
Pq Im mtro }X x,{) ))
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Elimination for Vectors

(0( IHP)

(PVHN vec o = lipe)
(5n| POml]

(i ¥ (0 N ) ()

(xs, \/QLO&n)

(H Prxs)
Pq Gy mtro G

}x x,,) )



Elimination for Vectors

elim: \7/( Igp)
(P V(HN veccxn—)Tgpe)
in POI’HI)
(g V )(xs' veao&n)(H : ans),
P

(ml\ Cons N x xs ))

34/50



Elimination for Vectors

Lm V(O( IHP)
(PVHN vee o n "IHP")
(Jn| POm]
1.V [ o )xs - vecon ) (H Pros )
P(MI\ Com n xxs))
(b,B).. (b, B,
(Xt Ttx,,,. o, E,Em)
Pb,_..b,,,x
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Elimination for Vectors

elum: \7/(0( Iﬂp)
(P VDN Ve o n "THP")
(5n POm)
(5 V )(xs- \/QLO«n)(H . P”’“).
P(hfl\ Com nx xs))
(n:N)

()(: el xn )

Pnx
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Elimination for Vectors

elimnil = 5m|

% (cor\s xs)i 5@5 XS (M xg]
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Recall: Binary Trees

inductive tree (O( 11_Hpe) : _[gpe where
‘ lea - tree o

| node: X =tree oc—tree x—>tree ox
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Elimination for Binary Trees

elim: ¥ (« Tpe)
(P.' tf’é@w (x—a-[gpe)
(5M: PIQGJL)



Elimination for Binary Trees
ehm V( IE{P)

(P freew uaIgpe)

(6, Plea})

(4,

CJ ZYJ

()L V { (X( é‘) To(,..,c(np,..,pn)..,

(H Y §) {x, i ), Py, o U X.A-.X,K))...,

Pq gy lintrs; }x x,{) )

b,:p).. (b B)
(X: Tlx,_,, O f),‘._l)m),

Pb,_..bm X
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Elimination for Binary Trees

elim: ¥« Tpe)
(P tl’e@w txe—[tjpe)

(i, P leak)

(5., ( Vie-E) G §), Ty ppy)
(x§ é Pp PM§X X,)),

| P( ode(JL X, . )))

(Xifrée&zx),

P x



Elimination for Binary Trees

elum: \7/( IHP)
(P- tree, o Lipe)
(JM Plea&)
(5 v (f Yo N tree, «)
(H :V(n:N),P(ﬁn)),
P(hode} ))

(XiJCreesz),

P x



Elimination for Binary Trees

elim: Yl Tpe)

(P treeq wslpe)

(f,: P leaf)

(5,, V(5 »N%treeooo()(H V(nh\l)P(}n)),
P (hode § ))

(threemo(),
P x



Elimination for Binary Trees

elim leaf= 6,

dim (node §)= 6,5, + [N elim (§1))



Outline

Extensions
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Extensions of Inductive Types

Throughout the times, various extended and more general schemes
of inductive types have been developed. Among those are
» Mutual inductive types: define multiple inductive types
simultaneously
» Inductive-recursive types: define an inductive type T and a
recursive function f : T — A simultaneously
» Higher inductive types: define a type by specifying
constructors and equalities
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Mutual Inductive Types

inductive istven - Nétgpe where
'euenz Cistven 0
| 0ddS: Y (HN) isOdd n— istven (np)
with 1s0dd - IN '9_[34)2 wWhere
|eveng:V(n:N), isE\Jer\ n— is 0dd (nw)



Mutual Inductive Types

Mutual inductive types can be reduced to inductive types.

inductive parity N— bool—-?—[gpe where
| oven? parity 0 true
| 0ddS: Y (n ) ), parityn false — parity (n) rue
| even§: (ne), parity n true = parrty (npl Salse
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Inductive-Recursive Types

» Inductive-recursive types are often used to inductively define
universe types

» In general, they cannot be reduced to inductive types

» They increase the proof theoretic strength of the system
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Inductive-Recursive Types

induckive dList I—[gpe_ where
Inil: dList
ICOHS:V(H:/NJ (XStdList), fresh ¥ ns~>dList
with fresh: dLisﬁ*”\l”I@pe,
Sresh nil m= 1
Sresh (cons N xs p} M=n#mA Sresh xs m
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References for Inductive-Recursive Types

> “A general formulation of simultaneous inductive-recursive
definitions in type theory” by Peter Dybjer

> “A finite axiomatization of inductive-recursive definitions” by
Peter Dybjer and Anton Setzer

» “The extended predicative Mahlo universe in Martin-Lof type
theory” by Peter Dybjer and Anton Setzer

» “Small induction recursion” by Peter Hancock, Conor
McBride, Neil Ghani, Lorenzo Malatesta, and Thorsten
Altenkirch
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Extensions: Higher Inductive Types

» Higher inductive types (HIT) combine inductive types with
quotients
» Specifically, HITs are specified by constructors and equations
» Higher inductive types are especially popular in homotopy
type theory
If you are interested, there is a MasterMath course on Homotopy
Type Theory
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Higher Inductive Types

inductive l’—inget : ‘Egpe where
Q/ - FinSet
add IN= FinSet = FinSet

idem ; V (n:fl\/} (xg: Fin Sg_ﬁ),
add n (add n1s)=add 1 xs

Swap- Y(nm ) (XS:FinSp_t),
add n (GJdeS): addm (oddn )




Higher Inductive Types

inductive l’_inSet I—Egpe where
le F mS@t
|add: N= FinSet —FinSet

lidem:\/ () (x: Fmget),
add n(add nxs)mdol N Xs

[swap: ¥ (0 m M) (ks FinSet),
add n (azfo\mxs)= addm add )
[trunc: ¥(xs Hs:\-—mSat)(pq:xsws).

P=q
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References for HITs

» “Homotopy type theory: Univalent foundations of
mathematics”

» “Higher Inductive Types as Homotopy-Initial Algebras” by
Kristina Sojakova

» “Finitary Higher Inductive Types in the Groupoid Model" by
Hugo Moeneclaey and Peter Dybjer

» “Constructing Higher Inductive Types” by me

» “Impredicative encodings of (higher) inductive types” by
Steve Awodey, Jonas Frey, Sam Speight
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More Extensions of Inductive Types

And there is more...
» Indexed inductive-recursive types: allow indices in
inductive-recursive types

» Inductive-inductive types: define an inductive type T
together with an inductive predicate P on T

» Higher inductive-recursive types: combine higher inductive
types and inductive-recursive types
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Outline

Conclusion
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Conclusion

> We saw a scheme for inductive types

» Inductive types are specified by parameters, indices, and their
constructors

» Constructors are specified by their recursive and non-recursive
premises

» From this description, one can derive an elimination rule
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