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Some History of Type Theory

» 1975: Martin-Lof introduced intuitionistic type theory as a
system for “formalizing” intuitionistic mathematics, as done,
for instance, by Bishop

> 1982: Martin-Lof described the relation between type theory
and computer programming
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Some History of Type Theory

» 1975: Martin-Lof introduced intuitionistic type theory as a
system for “formalizing” intuitionistic mathematics, as done,
for instance, by Bishop

> 1982: Martin-Lof described the relation between type theory
and computer programming

> 1988: Coquand and Huet described the calculus of
constructions, which is similar to Martin-Lof type theory

» 1989: the Coq (now Rocq) theorem prover, based on the
calculus of constructions, got released

» 2013: the Lean theorem prover, also based on the calculus of
constructions, got released
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Some History of Homotopy Type Theory

» 1989: Hofmann and Streicher describe the groupoid model of
type theory. This model was rather special: in this model,
equality is proof relevant.

> 2009: Awodey and Warren give a model of type theory using
Quillen model categories. Their model extends Hofmann and
Streicher’'s model to higher dimensions.

» 2009: Voevodsky describes the univalence axiom, and shows
that this axiom holds in the simplicial sets model. This
model is the start of homotopy type theory
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What is Homotopy Type Theory?

Homotopy type theory is a foundation for mathematics and
computer science that incorporates ideas from homotopy theory
into type theory
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What is Homotopy Type Theory?

Homotopy type theory is a foundation for mathematics and
computer science that incorporates ideas from homotopy theory
into type theory
Key features of homotopy type theory
> Types are interpreted as spaces, and equality is interpreted as
paths in a space. Homotopies are equalities of equalities.

» The univalence axiom: equality of types correponds to
isomorphism. We can prove similar principles for algebraic
structures, like groups, rings, and so on.

» Higher inductive types: we can decribe types inductively by
specifying their points, paths, homotopies
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Homotopy Type Theory and Mathematics

Homotopy type theory provides a nice setting to study

» Homotopy theory and algebraic topology. Homotopy type
theory provides an abstract setting to study spaces with more
generality (i.e., arbitrary co-toposes). Statements from
homotopy theory can be translated into type theory using that
types represent spaces and equality repressent paths.
Examples: Blakers-Massey and Serre Finiteness.
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Homotopy Type Theory and Mathematics

Homotopy type theory provides a nice setting to study

> Homotopy theory and algebraic topology. Homotopy type
theory provides an abstract setting to study spaces with more
generality (i.e., arbitrary co-toposes). Statements from
homotopy theory can be translated into type theory using that
types represent spaces and equality repressent paths.
Examples: Blakers-Massey and Serre Finiteness.

» Category Theory. The univalence axiom is particularly useful
for category theory, since it gives us many examples of
categories where objects are identified up to isomorphism.
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Dependent Types

Set €heory type theory

Sets types

elements terms

-Ctjpe theory allows dependent types
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Dependent Types

Set éheonj type Jcheorg

Sets 'tches
elements terms

-CLAPQ 'Eheomj allows dePend,m'(', ‘tgrs
> types indexed by some type
ThinK of: Samilies of sets
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Dependent Types from the Viewpoint of Set Theory

i {Yx}

XeX
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Some Examples of Dependent Types

F R & R

N

[}

o, 1, 2, 3..}
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Recall: First-Order Logic

First -order logic

Ak ¢
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Recall: First-Order Logic

First -order ’ogic
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Recall: First-Order Logic

First ~order fosic

Ak ¢

hypotheges
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Recall: First-Order Logic

First ~order ’ogic

Ak ¢

)

conclusion
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First-Order Logic versus Type Theory

Type theory comes with dependent types

First ~order ‘ogic

[+ C[’}orm
T formula with

varidbles from [

E\jpe £heorcj

T A 'Egpe
Ais a type depending
on the variables in [
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First-Order Logic versus Type Theory

Type theory comes with terms

First -order losic TAjpe £heortj

A:-rsp 1. A
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First-Order Logic versus Type Theory

Type theory comes with terms
Fh’st ~order foSic T/\jpe £heonj

AI—I_C/) M-t A

/

variables and hypot heses
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First-Order Logic versus Type Theory

Type theory comes with terms

First ~order losic

Af—r ®
USMQ the variables in [,

) folows from A

ngpe theo r‘t‘j

= '(:: A
Ass wming [ the
term £ has type A
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Key Examples of Dependent Types

» ][-types, which generalizes function types
> > -types, which generalizes product types
» The identity type, also known as propositional equality
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[ [-types and > -types

Dependent 1T

Nondependent ~ —



[ J-types

[ {YX}XeX

X:.£XOI Xil X2 l"'} J

TT-type
iJ(: X‘> UXEX Y,( [ VX. &X €Yx}
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Introduction Rule for function types

First ~order !ogic

A gk y
Ar g>y

TAjPe £heorlj

[~‘| X 11[\ F 1\1 : [g

[+ )\X. M:/\~>B
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Introduction Rule for []-types

First, ~order ‘osic L\jpe £heor«j

AFWAT @ F,wA!-M;BCx]
A Fr Vx:A. ¢ [ )\X.H:TT(XIA),B[)(]
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Elimination Rule for function types

First ~order logic T"jPE "heor'j

Al‘r P>y Ar—rgo M-5:A—B e x:A
Ar ¢ [F§x:B
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Elimination Rule for [ ]-types

First ~order logic TAﬁPe éheortj

Ar VA o Trt:A FedT(xMBIx)  TrHE:A
Al—l_ o lxpt] [Ffe:Rlymt]
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>-types

X=lKy, %00 %, ...}
Z—tgpe
COeoy) | xeX, yely b
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Elimination Rule for product types

Firsf, ~order ’°Si° -['\jpe £heor3
Al‘[— PAY M t: AR

Al-,.go [Fm, €A
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Elimination Rule for > -types

Prodwct Z-type

Mt AxB M- ¢: 2(x:A)BCx]
[k t:A e €A
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Elimination Rule for product types

First ~order 'osic Djpe £heor5
A gay M-t AxB

AT % MFmt: B
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Elimination Rule for > -types

Prodwct Z-flj{)e

M+ t: AxB M ¢+ L(x:A)RLx]
MFmyt: B Myt :ROveme]
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Introduction Rule for product types

First ~order ,03ic T/\jpe £h€0f‘ﬂ

Arrg  Ary [(ht: A Mty B
AT E¢t, 65 : A
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Introduction Rule for > -types

PI‘OJ. u,d; Z—":SPQ

rl-fi:A rl—(:z:B r"{'fA rktziB[XHﬂ,‘(’.]
ME ¢ty 8> A [F ¢ty 650 2(x:A) BLx]
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Equality in Type Theory

Eiqua“tg

Definitional equality Propositional equality
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Definitional and Propositional Equality

De;}mitim\ ol ProPosi{:ia nal
decided via proven using
computation derjvations
equivalence

r=lation on a ‘l':(jpe

terms aud types
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Some Definitional Equalities

O M€ s MOk t]
T, <t1,i‘2> = '&1_
TTZ<t1.i‘2> E '&Z

Note: we have a separate judgement for definitional equality
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The Identity Type

> Given a type Aand x: A and y : A, we have a type x = y.
We call this type the identity type and sometimes
propositional equality

> Terms of type x = y represent proofs that x and y are equal

> Note: we have types like [J(x : A),x = x, but we cannot use
definitional equality a a type
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Rules for the Identity Type

A
[ Sl XoX
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Rules for the Identity Type

I—I X:A.%:A. p:x=3FB[x,3,p] '{fljpa r. X:AH:: B[X.X.reaqx] hp:x=5

[rind (b.p): B[X,g,p]

This says: equality is the least reflexive relation
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Rules for the Identity Type
Given
. F,X:A.%:A. P:x=3l-B[x,3,p] ftjpa

4 r_X:AFE:B[X,x,mﬂx]

. ﬂ-p:)(=5
we get

[Find (b,p): B L%, y,p]

This says: equality is the least reflexive relation
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Note the Minimality

In first-order logic, we postulate
» Equality is reflexive, symmetric, and transitive

» Equality is substitutive: equals can be substituted for each
other. In particular, functions preserve equality.

In type theory, there are no postulated rules for symmetry,
transitivity, and substitution. Such rules are derived.
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lterating the Identity Type

Note: we can make the following types

X:A H:A
X=Y
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lterating the Identity Type

Note: we can make the following types
X: A y: A
px=y g%y
P=9
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lterating the Identity Type

Note: we can make the following types
X: A y: A
Pt x=g 9: %=y
h: p=q

I")'.'P:(,
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lterating the Identity Type

Note: we can make the following types
X: A y: A
Pt x=§ 9: x=y
h:p=q h:p=g
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Derivation of Symmetry
(e have
. FIX:A.%:A, p:X=yt H=X flea
o [ x:AF refly: X=x

° rl-p:)(-'-5
so we geﬁ

Fsymlp) @ y=x
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Derivation of Transitivity

(..]e "\RVQ
. F'X:A,%:A,P:X=3l- YT?:.'Au 3=2"‘9 X=2 fljpe

. F X:Al— )\Zp.P:TrE:A,x:;_‘.——; X=2

° r!-P:X=5
so We ge{:

[ trans(p) . TTa:A, y=2—> X=2
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Preservation of Equality

Let .fA‘%B
LJe kave
o [ocAlw A pxzyr Sx=by type

o [ x:Arrefle §x=§x

. F+p:x=5
so we get

[ﬂkOPfP:§X=fg
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Derivation of Substitution

Let T, x:AFBRLsI £ype
(Je have
° ’-| X-’A.%:Au P:X:S’- B[XHXJﬁB{X»‘j] 'f':jpe

o [ x:Ar Xz.z: BLxosxJ>Bxex]

. ka:ng
so We ge{:

[ transpert” p: BLxesxJ— R xig ]

47/68



Table of Contents

Homotopy Type Theory

47/68



Interpreting the ldentity Type

There are multiple ways to view the identity type in mathematics

Set theocetic Topdo gical

X=y means that | X=y memnc fhat we
X and y are exadly have « continuows

e same tranctormation From

Xtoy,ie apath

there ic at mok | there w\i3hé be
one pr 0o} of Xy di Herent prools of XY
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Types as Spaces
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Terms as Points

X
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Equality as Paths
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Higher Equalities as Homotopies
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Dependent Types as Fibrations
Y x Yz
O |
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Dependent Types as Fibrations
Yx Yz :
@ vs
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Dependent Types as Fibrations

Y x Yz
YH ‘
' .h
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Dependent Types as Fibrations
j} X WIEE
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Dependent Types as Fibrations
Yy
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The Univalence Axiom

» Earlier in this talk, we discussed the identity type, and we
discussed itss type theoretic rules

> Problem: the identity type is “underspecified”

> We cannot prove that equality of functions is pointwise
equality, and we do not have a nice characterisation for the
equality of types
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The Univalence Axiom

» Earlier in this talk, we discussed the identity type, and we
discussed itss type theoretic rules

> Problem: the identity type is “underspecified”

> We cannot prove that equality of functions is pointwise
equality, and we do not have a nice characterisation for the
equality of types
The univalence axiom fixes these defects of the identity type. It
says: to give p : A = B for types A and B, it suffices to give
» f:A—>B
> g:B— A
» forall all a: A an equality g : g(f(a)) = a
» forall all b: B an equality r : f(g(b)) = b
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Consequences of the Univalence Axiom

» Function extensionality (represent functions via their graphs)
> Two groups are equal if they are isomorphic
> Two rings are equal if they are isomorphic

We can find similar structure identity principles for a wide variety
of mathematical structures.
Main benefit: we can treat isomorphic objects as equals

59/68



Higher Inductive Types

» Inductive types: given by constructors for their points

» Higher inductive types: given by constructors for their
points, paths, homotopies, and so on
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Higher Inductive Types

» Inductive types: given by constructors for their points

» Higher inductive types: given by constructors for their
points, paths, homotopies, and so on

The elimination rule is derived from the constructors.
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Lists as an Inductive Type

Ind(&div& IIS‘E (A:Tﬂ?e):’t(jpez::
Inil = ligt A
[ cons: A= list A= list A
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Lists as an Inductive Type

gpven

o [ list A BLx] {:LJFe_
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Lists as an Inductive Type

g}ven
o [, lise A FBL«] ftdFe,
nil + list A
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Lists as an Inductive Type

Given
o Toxclist A e B type
[ BLxnil] nif : list A
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Lists as an Inductive Type

Given
o [t list A e BLxD type
e n:BLxenil]
cons: A ist A= list A
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Lists as an Inductive Type

Given

o T lise A =By type
[k n:BDxenil]

‘[ a:A,
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Lists as an Inductive Type

Given

Tt list A e BLx] type
« [k n:BDxenil]

‘[ a:A, [ list A

list A
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Lists as an Inductive Type

Given

o T lise A By type

[k n:BDxenil]

‘[ a:A, [.list A, TH:Blxo/] list A
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Lists as an Inductive Type

Given

o Tk list AR By type

[k n:Bxenil]

T a:A, [list A TH:B(xe T+ c(a, ), TH): Blx+s cons al]
Trl:list A
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Lists as an Inductive Type

Given
Tt list A e BLx] type
[k n:BLxrenil]
‘Toa:A L ist A IH:Blxo [T+ cla,), TH): BIxes cons a/]
Tl list A
we get
M+ ligtrec(n, ) :RxmI]
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Vectors as an Inductive Type

Iﬂdudive vec (A:’ija)i N*‘Tﬂpe:z
’ni[ . Vec Ao

| cons :Tr(r\.-m, A= vec An<vec A (n+l)

62/68



Vectors as an Inductive Type

Given
e T.nN, X:vecAn =BIx] £3|>e
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Vectors as an Inductive Type

Given
o« TonN, X vecAn =BIx] {:ler_

ni[ : \]eCAo
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Vectors as an Inductive Type

Q}Ver\

e [,nN, X vecAn =BI%] hjl’e
. rl—m:B[hil] nil : Vec Ao
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Vectors as an Inductive Type

g;Ve'\

TN vecAn = BIx] type
* rI—W\:B[N']

T(n:N), A= vec An - vec A (ns1)
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Vectors as an Inductive Type

Given

o T lise A e BOx] ype
[ rm BLnil]
I.alN, @A,

ﬂ(n:"\h, A
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Vectors as an Inductive Type

Given

o Tt st A R RO ype
[ rmBOnil]
‘N, a:A | [ivec An,

vecAn
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Vectors as an Inductive Type

Q}Ven
o [, % lise A =B« type
. rl—m :B[f\i]]

Ton:N, a;A‘I:Vec An, TH:BLI]

vec An
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Vectors as an Inductive Type

Given
o [ lise A FB[X] ‘ll:ler
'rkm:B[m”

TN, a:A, [-vec An, TH:BUITF ¢ (n,a,[,TH): Rl cons, al ]
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Vectors as an Inductive Type

Given
o T, list A =RI%] fler_
. rb— m B[ l’\il]

TN, a:A, [rvec An, TH:BLI T ¢ (n,a,[, TH): Rl cons al ]

'I_f'lz\/e.CAf\
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Vectors as an Inductive Type

Given
Tt list A R BOx] Eype
[ rm :B[r\}l]
TN, a:A | [rvec An, TH:BLITE ¢, a,[, TH): Rl cons, al ]
‘Trlivec An
we get
[ F vecrec(m, ¢,1): BLII
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Example: The Circle

In homotopy type theory, we can define the circle in a rather nice
way.

loop
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Example: The Circle

In essence, the circle is generated by its base point and the loop.
Using higher-inductive types, we can write the circle as follows.

HIT § =
, base: S{

| loop: base = base
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Example: The Circle

In essence, the circle is generated by its base point and the loop.
Using higher-inductive types, we can write the circle as follows.

HIT § =
, base: Sr
| loo}\: base = base

We look at some rules for the circle in the next two slides
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Example: The Circle

= base - Sl
M F \ooP'- base = base
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Example: The Circle

given

« [ SBL tupe
¢ Tb:b lxmbas]
« [+ 1. trangport® loop b= b
k2§
(e get
8 ind (b,1,2):BUxr2]
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Example: The Circle

given

o [ S BG type
o Tb:blusbas]
+ [+ 1. trangport® loop b=b
TRz ¢
(Je get
M S ind (b, 1,2):BUxr 2]
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Conclusion

v

Type theory is a foundation for mathematics and computer
science that has proven itself to be especially useful for proof
assistants.

Equality is particularly interesting in type theory, and it comes
in two forms: definitional and propositional equality

The starting point of homotopy type theory is viewing proofs
of equality as paths in some topological sspace

Key features: univalence axiom and higher inductive types
Univalence: types are identified if they are isomorphic

Higher inductive types: define a type by specifying its points,
paths, homotopies, ...
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